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Abstract. This is a continuation of a series of papers studying the birational
Mori fiber structures of anticanonically embedded Q-Fano 3-fold weighted com-
plete intersections of codimension 2. We have proved that 19 families consists
of birationally rigid varieties and 14 families consists of birationally birigid va-
rieties. The aim of this paper is to continue the work systematically and prove
that, among the remaining 52 families, 21 families consist of birationally birigid
varieties.
1. Introduction
This is a continuation of a series of papers studying birational Mori fiber struc-
tures of anticanonically embedded Q-Fano 3-fold weighted complete intersections
of codimension 2 (Q-Fano WCIs of codimension 2, for short). Here, a Mori fiber
space that is birational to a given algebraic variety is called a birational Mori fiber
structure of the variety. There are 85 families of Q-Fano 3-fold WCIs of codimen-
sion 2 (see [7]). In [12], we divide 85 families into the disjoint union of 3 pieaces
I := {1, 2, . . . , 85} = Ibr ∪ IdP ∪ IF , where |Ibr| = 19, |IdP | = 6 and |IF | = 60,
and studied their birational (non-)rigidity. We proved birational rigidity of general
members of family No. i with i ∈ Ibr, and among other things, we also proved that
a member of family No. i with i ∈ IdP and i ∈ IF is birational to a del Pezzo fiber
space over P1 and to a Q-Fano 3-fold, respectively. Recently, Ahmadinezhad and
Zucconi [2] succeeded in removing generality conditions for family No. i with i ∈ Ibr
and proved birational rigidity of every quasismooth member. From now on, we focus
on families No. i with i ∈ IF and recall the following result for such families.
Theorem 1.1 ([12, Theorem 1.3]). Let X be a general member of family No. i with
i ∈ IF . Then there exists a Q-Fano 3-fold weighted hypersurface X ′ that is birational
but not isomorphic to X. Moreover, each maximal singularity on X is untwisted by
a Sarkisov link that is either a birational involution or a link to X ′.
This is an important step toward the determination of the birational Mori fiber
structures of X. In fact, by continuing the work, we proved in [13] birational bi-
rigidity of members of family No. i with i ∈ IcA/x∪ IcAx/4 for suitable subsets IcAx/2
and IcAx/4 of IF . Here, birational birigidity means that there exist exactly two Mori
fiber spaces in the birational equivalence class.
Note that, in Theorem 1.1, the weighted hypersurface X ′ is uniquely determined
by X and we call it the birational counterpart of X. It has a unique non-quotient
terminal singular point together with some other terminal quotient singular points.
We define subsets IcA/n and IcD/3 of IF by the following rule: we have i ∈ IcA/n (resp.
i ∈ IcD/3) if and only if the non-quotient terminal singular point of the birational
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counterpart of a general member X of family No. i is of type cA/n (resp. cD/3).
Here, we regard cA/1 as cA. Specifically, those subsets are give as
IcA/n = {3, 6, 7, 9, 10, 16, 18, 21, 22, 26, 28, 33, 36, 38, 44, 48, 52, 57, 63},
IcD/3 = {61, 62}.
Family No. 3 has been studied in this direction: Corti and Mella [4] proved birational
birigidity of a general Q-Fano WCI X = X3,4 ⊂ P(1, 1, 1, 1, 2, 2) of cubic and quartic.
Note that 3 ∈ IcA/n ⊂ IF . The aim of this paper is to complete the determination
of Mori fiber structures of families No. i with i ∈ I∗cA/n ∪ IcD/3, where I∗cA/n :=
IcA/n \ {3}. We state the main theorem and its direct consequence.
Theorem 1.2. Let X be a general member of family No. i with i ∈ IcA/n ∪ IcD/3.
Then X is birationally birigid. More precisely, X is birational to a Q-Fano 3-fold
weighted hypersurface X ′ and is not birational to any other Mori fiber space.
Corollary 1.3. A general member of family No. i is not rational for i ∈ IcA/n∪IcD/3.
Acknowledgments. The author is partially supported by JSPS KAKENHI Grant
Number 26800019.
2. Preliminaries
2.1. Notation and convention. Throughout the paper, we work over the field C
of complex numbers. A normal projective variety X is said to be a Q-Fano variety
if −KX is ample, it is Q-factorial, has only terminal singularities and its Picard
number is 1. We say that an algebraic fiber space X → S is a Mori fiber space
if X is a normal projective Q-factorial variety with at most terminal singularities,
dimS < X, −KX is relatively ample over S and the relative Picard number is 1.
Let X be a normal projective Q-factorial variety, H a linear system on X, D ⊂ X
a Weil divisor and C ⊂ X a curve. We say that H is Q-linearly equivalent to D,
denoted by H ∼Q D, if a member of H is Q-linearly equivalent to D. We define
(H · C) := (H · C) for H ∈ H. In this paper, a divisorial extraction (or divisorial
contraction) is always an extremal divisorial extraction (or contraction) in the Mori
category.
A weighted projective space (WPS) P(a, b, c, d, e) with homogeneous coordinates
x, y, z, s, t is sometimes denoted by P(ax, by, cz, ds, et). A closed subscheme Z in
P(a0, . . . , an) is quasismooth (resp. quasismooth outside a point p) if the affine cone
CZ ⊂ An+1 is smooth outside the origin (resp. outside the closure of the inverse
image of p via the morphism An+1 \ {o} → P(a0, . . . , an)). For i = 0, 1, . . . , n, we
denote by pi the vertex (0 : · · · : 1 : · · · : 0) of P(a0, . . . , an), where the 1 is in the
(i+ 1)-th position.
The main object of this paper is a weighted hypersurface X ′ birational to a mem-
ber X of family No. i with i ∈ I∗cA/n ∪ IcD/3. Let P := P(a0, . . . , a4) be the ambient
WPS of X ′. We write x0, . . . , x3, w (resp. x, y, z, t, . . . , w) for the homogeneous co-
ordinates when we treat several families at a time (resp. a specific family). For ex-
ample, we write x0, x1, y, z, w (resp. x, y, z, t, w) for the coordinates of P(1, 1, 2, 3, 2)
(resp. P(1, 2, 3, 5, 4)). The coordinate w is distinguished so that the vertex at which
only the coordinate w is non-zero is the unique cA/n or cD/3 point of X ′. For
homogeneous polynomials f1, . . . , fm in the variables x0, . . . , x3, w or x, y, z, . . . , w,
we denote by (f1 = · · · = fm = 0) the closed subscheme of P defined by the homoge-
neous ideal (f1, . . . , fm) and denote by (f1 = · · · = fm = 0)X′ the scheme-theoretic
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intersection (f1 = · · · = fm = 0) ∩ X ′. For a polynomial f = f(x0, . . . , x3, w) and
a monomial xx00 · · ·xc33 wd, we write xc00 · · ·xc33 wc ∈ f (resp. xc00 · · ·xc33 wc /∈ f) if the
coefficient of the monomial in f is non-zero (resp. zero).
A weighted complete intersection curve (WCI curve) of type (c1, c2, c3) (resp. of
type (c1, c2, c3, c4)) in P(a0, . . . , a4) (resp. P(a0, . . . , a5)) is an irreducible and re-
ducible curve defined by three (resp. four) homogeneous polynomials of degree c1, c2
and c3 (resp. c1, c2, c3 and c4).
2.2. Weighted blowup. We fix notation on weighted blowups of cyclic quotients
of affine spaces.
Let A := An be the affine n-space with affine coordinates x1, . . . , xn and let
b1, . . . , bb be positive integers. Let Φ: A 99K P := P(b1, . . . , bn) the rational map
defined by (α1, . . . , αn) 7→ (α1 : · · · : αn) and Wbl(A) ⊂ A × P the graph of Φ.
Suppose that we are given a Zr-action on A of type 1r (a1, . . . , an). We assume that
bi ≡ ai (mod r) for every i. Let V be the quotient of A by the Zr-action and X
a subvariety of V through the origin. The rational map Φ descends to a rational
map ΦV : V 99K P. We define Wbl(V ) (resp. Wbl(X)) to be the graph of ΦV (resp.
ΦV |X) and call the projection ϕV : Wbl(V ) → V (resp. ϕX : Wbl(X) → X) the
weighted blowup of V (resp. X) at the origin with wt(x1, . . . , xn) =
1
r (b1, . . . , bn).
This weight is referred to as the ϕV -weight or the ϕX -weight. We consider the Zr-
action on A × P which acts on A as above and on P trivially. We have a natural
morphism Wbl(A) → Wbl(V ) and from this we can see Wbl(V ) as the quotient of
Wbl(A) by the Zr-action.
We explain orbifold charts of Wbl(V ) and Wbl(X). Let X1, . . . , Xn be the homo-
geneous coordinates of P. For each i, we define Wbli(A) (resp. Wbli(V )) to be the
open subset of Wbl(A) (resp. Wbl(V )) which is the intersection of Wbl(A) (resp.
Wbl(V )) and the open subset A × (Xi 6= 0) (resp. V × (Xi 6= 0)). Let Ui(A) be
an affine n-space with affine coordinates x˜1, . . . , x˜i−1, x′i, x˜i+1, . . . , x˜n and define a
morphism Ui(A) → A by the identification xi = x′ibi and xj = x˜jx′ibj for j 6= i.
We consider the Zbi-action on Ui(A) of type 1bi (b1, . . . , bi−1,−1, bi+1, . . . , bn). We see
that the quotient Ui(A)/Zbi is naturally isomorphic to Wbli(A) and the section x′i
cuts out the open subset (Xi 6= 0) of the exceptional divisor P. Note that Wbli(V )
is the quotient of Wbli(A) by the Zr-action. The Zr-action on Wbli(A) is given by
x′i 7→ ζrx′i and x˜j 7→ x˜j for j 6= i. Let Ui(V ) be the affine n-space with affine coor-
dinates x˜1, . . . , x˜n. The identification x˜i = x
′
i
r defines a morphism Ui(A) → Ui(V )
and we see that Wbli(V ) is the quotient of Ui(V ) by the Zb1-action on Ui(V ) of
type 1bi (b1, . . . , bi−1,−r, bi+1, . . . , bn). We call Ui(V ) the orbifold chart of Wbli(V )
and call x˜1, . . . , x˜n orbifold coordinates of Wbli(V ).
We keep the above setting and let X be a closed subvariety of V which is a com-
plete intersection defined by Zr-semi-invariant polynomials f1, . . . , fk ∈ C[x1, . . . , xn].
Let mi/r be the order of fi with respect to the ϕX -weight and we define gi (resp.
hi) to be the weight = mi/r part (resp. the weight = mi/r+1 part) of fi. We define
f
(i)
j := f(x˜1, . . . , x˜
1/r
i , . . . , x˜n)/x˜
mi
i ∈ C[x˜i, . . . , x˜n]
and
Ui(X) :=
(
f
(i)
1 = · · · = f (i)k = 0
)
⊂ Ui(V ).
Then, the quotient Wbli(X) := Ui(X)/Zbi is an open subset of Wbl(X). We call
Ui(X) the orbifold chart of Wbl(X). Assume that (g1 = · · · = gk = 0) ⊂ An is a
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local complete intersection at the origin. Then, we have an isomorphism
E ∼= (g1 = g2 = · · · = gk = 0) ⊂ P(b1, b2, . . . , bn),
where E is the exceptional divisor of the weighted blowup and, by a slight abuse
of notation, P(b1, . . . , bn) is a weighted projective space with coordinates x1, . . . , xn.
We denote by JCE the Jacobian matrix of the affine cone CE of E. Note that
JCE =
(
∂gi
∂xj
)
1≤i≤k,1≤j≤n
is a k × n matrix. We define the matrix Jϕ to be the k × (n+ 1) matrix
Jϕ := (JCE h) ,
where h := t(h1 h2 · · · hk).
Lemma 2.1. We keep the above setting. If Jψ is of rank k at every point of E, then
Wbl(X) has at most cyclic quotient singular points and
Sing(Wbl(X)) ∩ E = Sing(E) ∩ Sing(P(b1, . . . , bn)).
Proof. Let JUi(X) be the Jacobian matrix of the orbifold chart Ui(X) ⊂ An. Let
E˜i be the inverse image of E ∩Wbli(X) by Ui(X) → Wbli(X). For each q ∈ E˜i,
we have rank JUi(X)(q) = rankJϕ(q), hence rank JUi(X) = k along E˜i. It follows
that Ui(X) is nonsingular along E˜i for each i. This shows that Wbl(X) has at
most cyclic quotient singular points. Since Ui(X) is nonsingular, the singularities of
Wbl(X) come from the actions by cyclic groups. The rest is immediate from this
observation. 
2.3. Generality conditions and the definition of families. The following con-
dition is introduced in [12].
Condition 2.2. Let X be a member of family No. i with i ∈ I∗cA/n ∪ IcD/3.
(C0) X is quasismooth.
(C1) The monomial in Table 1 appears in one of the defining polynomial of X
with non-zero coefficient.
(C2) X does not contain any WCI curve listed in Table 2.
(C2) If i = 21, then (x0 = x1 = 0)X is an irreducible curve.
(C4) If i = 6 (resp. 9), then X satisfies [12, Lemma 7.3] (resp. [12, Lemma 7.11]).
Table 1. Monomials
No. Monomial No. Monomial
9 yz 33 zs
22 zs 48 zs
28 zs 57 st
Let X be a member of family No. i satisfying Condition 2.2. Then, by [12],
there is a Sarkisov link to an anticanonically embedded Q-Fano 3-fold weighted
hypersurface X ′. Note that X ′ is uniquely determined by X and we call X ′ the
birational counterpart of X. Precise descriptions of birational counterparts will be
given in the next subsection.
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Table 2. Type of WCI curves
No. Type No. Type
6 (1,1,1,2) 33 (1,1,5,6)
10 (1,1,2,3) 38 (1,3,4,7)
16 (1,1,2,3), (1,1,3,4), (1,1,3,6) 44 (1,2,3,5)
18 (1,1,2,3) 52 (1,3,5,8)
22 (1,1,4,5) 57 (1,2,7,9)
26 (1,1,3,4) 63 (1,3,5,8)
If i ∈ I∗cA \ {7, 10} (resp. i ∈ IcD/3), then the birational counterpart X ′ of any
member X of family No. i satisfying Condition 2.2 has a singularity of type cA/n
(resp. cD/3) at p4. This is not the case for families No. 7 and 10. We introduce the
following additional generality condition which ensures that the unique non-quotient
singular points of birational counterparts are of type cA/n.
Condition 2.3. If i = 7 (resp. 10), then ∂F1/∂z0 is not proportional to ∂F1/∂z1,
that is, there is no constant α such that ∂F1/∂z0 = α∂F1/∂z1, where z0, z1 are the
coordinates of degree 3 and F1 is the defining polynomial of degree 4 (resp. 5).
Definition 2.4. For i ∈ I∗cA/n ∪ IcD/3, we define G˜i to be the subfamily of family
No. i consisting of members satisfying Conditions 2.2 and 2.3. We define G˜′i to be
the family of birational counterparts of members of G˜i.
We introduce further generality conditions for suitable families in the next sub-
section.
2.4. Standard defining polynomials and additional conditions. Let X =
Xd1,d2 ⊂ P(a0, . . . , a5) be a member of G˜i with i ∈ I∗cA/n ∪ IcD/3. Let x0, . . . , x5 be
the homogeneous coordinates of the ambient space and let F1, F2 be the defining
polynomials of degree respectively d1, d2. We assume d1 ≤ d2.
Lemma 2.5. Suppose i ∈ I∗cA/n. After re-ordering and replacing coordinates, X is
defined in P(1, n, a2, a3, a2 + n, a3 + n) by the polynomials of the form
F1 = x5x2 + x4x3 + f(x0, x1, x2, x3),
F2 = x5x4 − g(x0, x1, x2, x3).
Proof. We assume a5 ≥ aj for every j. If X ∈ G˜i with i /∈ {7, 10}, then X passes
through p5. If X ∈ Gi with i ∈ {7, 10}, we can assume that X passes through p5 after
replacing coordinates. We see that there are 0 ≤ j1 < j2 ≤ 3 such that a5 +aj1 = d1
and a5 + aj2 = d2. After re-ordering coordinates, we assume that i1 = 2 and i2 = 4.
Then, by quasismoothness of X at p5, we have x5x2 ∈ F1 and x5x4 ∈ F2. After
replacing x2 and x4, we can write F1 = x5x2 + G1 and F2 = x5x4 + G2 for some
G1, G2 ∈ C[x0, . . . , x4]. Moreover, by filtering off terms divisible by x4 in F2 and
then replacing x5, we assume that G2 does not involve x4.
Suppose that i ∈ {7, 10, 16, 18, 21, 26, 36, 38, 44, 52, 63}. In this case d1 ≤ 2a4.
We claim that, after replacing coordinates other than x2, x4, x5, we may assume
x4x3 ∈ F1 and x24 /∈ F1. Suppose that i ∈ {21, 36, 38, 52, 63}. Then d1 < 2a4 and
hence there is no monomial divisible by x24 in F1. It follows that p4 ∈ X and there
is a unique j such that x4xj ∈ F1 since X is quasismooth. By setting j = 3, we have
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x3x4 ∈ F1 and x24 /∈ F1. Suppose that i ∈ {7, 10}. In this case, we have d1 < 2a4
and a4 = a5. We can write F1 = x5x2 + x4f1 + f2 for some f1, f2 ∈ C[x0, x1, x2, x3].
Note that deg f1 = a2 and there is at least one j 6= 2 such that aj = a2. If fj does
not involve coordinates other than x2, then ∂F1/∂x5 and ∂F1/∂x4 are proportional.
This is impossible by (C5). It follows that there is j 6= 2 such that xj ∈ f1. By
setting j = 3, we have x4x3 ∈ F1 and x24 /∈ F1. If i ∈ {16, 18, 26, 44}, then d1 = 2a4
and in this case there is j 6= 4 such that aj = a4. We may assume that j = 3.
By quasismoothness of X, the polynomial F1(0, 0, 0, x3, x4, 0) cannot be a square.
In particular, at least one of x3x4 and x
2
3 appear in F1 with non-zero coefficient.
After replacing x3, we may assume that x3x4 ∈ F1 and x24 /∈ F1. Therefore, in
any case, we can write F1 = x5x2 + x4x3 + x4f1 + f2 and F2 = x5x4 + G2, where
f1, f2, G2 ∈ C[x0, x1, x2, x3]. After replacing x3 7→ x3 − f1, we obtain the desired
defining polynomials.
Suppose that i ∈ {9, 22, 28, 33, 48, 57}. In this case 2a4 < d1 < 3a4. Then there
is a unique j 6= 2, 4, 5 such that 2aj = d2. We assume j = 3. By Condition
(C1), we have x4x3 ∈ F1. Then, since d1 < 3a4 and d2 = 2a3, we can write
F1 = x5x2 + x4x3 + x
2
4f1 + x4f2 + f3 and F2 = x5x4 + x
3
3 + x3g1 + g2, where
f1, f2, f3 ∈ C[x0, x1, x2, x3] and g1, g2 ∈ C[x0, x1]. Then by the replacement,
x3 7→ x3 − x4f1 + x2f21 − f2, x5 7→ x5 − x4f21 + 2x3f1 + f1g1,
we can eliminate terms divisible by x4 in F1 and F2 (other than x4x3 in F1). Thus,
F1 and F2 are in the desired forms.
Finally, we observe that {a0, a1} = {1, n} and a5 − a3 = a4 − a2 = n. Thus by
interchanging x0 and x1 if necessary, we may assume that a0 = 1, a1 = n, a4 = a2+n
and a5 = a3 + n. This completes the proof. 
Lemma 2.6. Suppose that X ∈ G˜i, i ∈ I∗cA/n, is defined by F1, F2 in Lemma 2.5.
Then the birational counterpart X ′ ∈ G˜′i is the weighted hypersurface defined by the
polynomial
F ′ = w2x2x3 + wf + g
in P(1, n, a2, a3, n), where w is the homogeneous coordinates of degree n other than
x1.
Proof. It is proved in [12, Section 4.2] that if a member X = Xd1,d2 ⊂ P(a0, . . . , a5)
of Gi, where a5 ≥ ai for i = 0, 1, 2, 3, 4 and d1 > d2, is defined by polynomials
F1 = x5x2 + G1 and F2 = x5x4 + G2, where G1, G2 ∈ C[x0, . . . , x4], then the
birational counterpart X ′ is the weighted hypersurface in P(a0, a1, a2, a3, a4 − a2)
with homogeneous coordinates x0, . . . , x3, w defined by
wG1(x0, x1, x2, x3, wx2)−G2(x0, x1, x2, x3, wx2) = 0.
This proves the lemma. 
Lemma 2.7. (1) After replacing homogeneous coordinates, defining polynomi-
als of X ∈ G61 can be written as
F1 = ux0 + s
3 + s2f4 + sf8 + f12,
F2 = us− g15,
where x0, x1, s, y, z, u are the homogeneous coordinates of P(1, 1, 4, 5, 6, 11)
and fj , g15 ∈ C[x0, x1, y, z].
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(2) After replacing homogeneous coordinates, defining polynomials of X ∈ G62
can be written as
F1 = uy + s
2 + sf6 + f12,
F2 = us− g15,
where x, y, z, t, s, u are the homogeneous coordinates of P(1, 3, 4, 5, 6, 9) and
fj , g15 ∈ C[x, y, z, t].
Proof. This is straightforward and we omit the proof. 
Lemma 2.8. Suppose that X ∈ G61 (resp. G62) is defined by F1, F2 in Lemma 2.7.
Then the birational counterpart X ′ ∈ G′61 (resp. G′62) is the weighted hypersurface
defined by the polynomial
F ′ := w4x30 + w
3x20f4 + w
2x0f8 + wf12 + g15,
(resp. F ′ := w3y2 + w2yf6 + wf12 + g15)
in P(1x0 , 1x1 , 5y, 6z, 3w) (resp. P(1x, 3y, 4z, 5t, 3w)).
Proof. This is proved by the same argument as in that of Lemma 2.6. 
Definition 2.9. Let X ′ ∈ G˜i with i ∈ I∗cA/n ∪ IcD/3. A defining polynomial given in
Lemmas 2.6 and 2.8 is called a standard defining polynomial of X ′.
Remark 2.10. In the big table, a standard defining polynomial of each family is
given. For some families, specific monomials are given right after the polynomial.
This is a condition imposed on members of G˜′i which is a consequence of conditions
(C2) and (C3) for families other than No. 7 (see Example 2.11). For family No. 7,
the condition y2 ∈ f4 will be imposed in Condition 2.12 below.
Example 2.11. Let X ′ = X ′5 ⊂ P(1, 1, 1, 2, 1) be a member of G˜′6 with standard
defining polynomial F ′ = w2x0y + wf4 + g5. The birational counterpart X ⊂
P(1, 1, 1, 2, 2, 3) is defined by F1 = zx0 + y0y1 + f4(x0, x1, x2, y1) and F2 = zy0 −
g5(x0, x1, x2, y1). If y
2 /∈ f4, then X contains the WCI curve (x0 = x1 = x2 = y0 = 0)
of type (1, 1, 1, 2). This is impossible by (C2). Thus y
2 ∈ f4.
We give an another example. Let X ′ = X ′9 ⊂ P(1, 1, 2, 3, 3) be a member of G˜′21
with standard defining polynomial F ′ = w2x0y+wf6+g9. The birational counterpart
X ∈ G˜21 is defined by tx0 + sy+ f6 and F2 = ts− g9 in P(1x0 , 1x1 , 2y, 3z, 4s, 5t). We
can write F1(0, 0, y, z, s, t) = sy+αz
2 +βy3 and F2(0, 0, y, z, s, t) = ts−(γz3 +δzy3).
If α = 0 or β = 0, then (x0 = x1 = 0)X is reducible, which is impossible by (C3).
Hence z2 ∈ f6 and y3 ∈ f6. By the same reason, the case γ = δ = 0 cannot happen.
This implies that if z3 /∈ g9, then zy3 ∈ g9.
We introduce additional conditions on members of G˜′i for i ∈ {6, 7, 9, 10, 16, 18, 21}.
We explain that a member X ′ of family G˜′i listed in Table 3 is defined by the polyno-
mial F ′ given in the second column of Table 3. For families No. 10, 16 and 21, F ′ is a
standard defining polynomial. Let X ′ ∈ G˜′6. Then a standard defining polynomial of
X ′ is of the form F ′ = w2x0y+wf4 +g5, where f4, g5 ∈ C[x0, x1, x2, y]. Since y2 ∈ f4
by generality condition, we can write F ′ = w2x0y+w(y2 +ya2 +a4)+y2b1 +yb3 +b5,
where aj , bj ∈ C[x0, x1, x2], after re-scaling y. Then, after replacing w 7→ w− b1, we
may assume b1 = 0. This is the one given in the second column. Similarly, defining
polynomials of members of families No. 9 and 18 are given as in the second column.
Note that, for family No. 7, the assertion y2 ∈ f4 does not follow from Condition
2.2 and it is imposed in the following condition.
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Condition 2.12. For a member X of family G˜i listed in Table 3, the defining
polynomial of the birational counterpart X ′ of X is of the form in the second column
and each system of equations in the third column do not have a non-trivial solution.
Table 3. System of equations
No. F ′ Equations
6 w2x0y + w(y
2 + ya2 + a4) + yb3 + b5 x0 = a2 = a4 = 0
x0 = b3 = b5 = 0
x0 = a4 = b5 − a2 ∂a4∂x0 = 0
7 w2x0x1 + w(y
2 + ya2 + a4) + yb4 + b6 x0 = b4 = b6 = 0
x1 = b4 = b6 = 0
x0 = x1 = 4a4 − a22 = 0
9 w2x0y + w(ya2 + a6) + y
2 + yb3 + b6 x0 = a2 = a5 = 0
10 w2y0y1 + wf5 + g6 y0 = y1 = f5 = g6 = 0
16 w2yz + wf6 + g7 y = f6 = g7 = f6(x0, x1, 0, 0) = 0
18 w2x0z + wf6 + zb5 + b8 x0 = f6 = zb5 + b8 =
∂f6
∂z = 0
x0 = b5 = b8 = 0
21 w2x0y + wf6 + g9 = 0 x0 = f6 = g9 =
∂f6
∂f6
= 0.
y = f6 = g9 =
∂f6
∂z = 0
Definition 2.13. For i ∈ I∗cA/n ∪ IcD/3, we define Gi to be the subfamily of G˜
consisting of members satisfying Condition 2.12. We define G′i to be the family of
birational counterparts of members of Gi.
Note that Gi and G′i are non-empty open subset of G˜i and G˜′i, respectively, and
Gi = G˜i, G′i = G˜i for i /∈ {6, 7, 9, 10, 16, 18, 21}. Note also that Condition 2.12 is only
used to exclude curves of low degree in Section 10.
2.5. Structure of the proof. We recall definitions of maximal extraction and
maximal centers.
Definition 2.14. Let X be a Q-Fano variety with Picard number 1 and let ϕ : Y →
X be a divisorial contraction with exceptional divisor E. We say that ϕ is a maximal
extraction if there is a movable linear system H ∼Q −nKX such that
1
n
> c(X,H) = aE(KX)
mE(H) ,
where mE(H) is the multiplicity of H along E, aE(KX) is the discrepancy of KX
along E, and c(X,H) is the canonical threshold of the pair (X,H). A closed sub-
variety Γ ⊂ X is called a maximal center if there is a maximal extraction centered
along Γ.
In the rest of this paper, we prove the following.
Theorem 2.15. Let X ′ be a member of G′i with i ∈ I∗cA/n∪ IcD/3. Then, no nonsin-
gular point and no curve on X ′ is a maximal center. Moreover, for each divisorial
extraction ϕ : Y ′ → X ′ centered at a singular point, one of the following holds.
(1) ϕ is not a maximal extraction.
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(2) There is a birational involution ι : X ′ 99K X ′ that is a Sarkisov link starting
with ϕ.
(3) There is a Sarkisov link σ : X ′ 99K X starting with ϕ.
We note that Theorem 2.15 follows from Theprems 4.1, 4.4, 5.1, 5.6, 6.2, 6.7, 7.4,
8.7, 9.2 and 10.25. By [13, Lemma 2.32], Theorem 1.2 follows from Theorem 2.15
and [12, Theorem 1.3]. We explain the outline of this paper. In Section 3, we explain
divisorial extractions centered at cA/n and cD/3 points. In Sections 4, 5 and 6, we
construct various Sarkisov links that are links from X ′ to X and birational involu-
tions of X ′ centered at singular points. The construction of birational involutions
centered at terminal quotient singular points is the same as that of [5] with a single
exception. We need a hard construction due to [3] for the exceptional case. The
construction of birational involutions centered at cA/n points is based on explicit
global descriptions of divisorial extractions centered at cA/n points. This is quite
similar to [1]. The rest of the paper is devoted to exclusion. Nonsingular points,
some terminal quotient singular points, some cA/n and cD/3 points, and curves are
excluded in Sections 7, 8, 9 and 10, respectively. We exclude points and most of
the curves by the combination of methods in [5, 3]. We refer the readers to [13,
Section 2.4] for various excluding methods. A large volume of the paper is devoted
to excluding curves of low degree passing through the cA/n point. The method is
simple but we need careful and quite complicated computations. Finally, the table
in Section 11, the big table, summarizes the results from which one can see what
happens at each singular point.
3. Divisorial extractions centered at cA/n and cD/3 points
In this section, we describe divisorial extractions centered at the point p := p4 of a
member X ′ of the family G′i with i ∈ I∗cA/n∪IcD/3. This is based on the classification
results due to Hayakawa [6] and Kawakita [8, 9].
3.1. cA/n point. Let X ′ be a member of G′i with i ∈ I∗cA/n and p = p4. Throughout
this section, we assume that X ′ is defined by a standard polynomial F ′ = w2x2x3 +
wf + g in P(1, n, a2, a3, n). Set d := degF ′. Note that d ≥ 5. Moreover a2 + a3 ≡ 0
(mod n) if n > 1.
We see that a general hyperplane section of the index 1 cover of the singularity
(X ′, p) is a du Val singularity of type Ad−n−1. If n 6= 2, 4, then the classification of 3-
dimensional terminal singularities immediately implies that (X ′, p) is of type cA/n.
If n = 2 or 4, then (X ′, p) is of type cA/n, cAx/2 or cAx/4. It is straightforward to
see that (X ′, p) is not of type cAx/2 and cAx/4, and hence (X ′, p) is of type cA/n.
Since (X ′, p4) is of type cA/n, we have an identification,
(p ∈ X ′) ∼= (o ∈ (s1s2 + h(s3, s4) = 0)/Zn(a2,−a2, 1, 0)),
for some h(s3, s4) ∈ C{s3, s4}.
Lemma 3.1. Let P := P(c1, c2, c3, c4) be a weighted projective space with homoge-
neous coordinates s1, s2, s3 and s4. Suppose that c1 ≥ c2, c1 > ci for i = 3, 4, and
there is an automorphism σ of P that induces an isomorphism
σ|H1 : H1 := (s0s1 + g1(s2, s3) = 0)
∼=−→ H2 := (s0s1 + g2(s2, s3) = 0)
between weighted hypersurfaces in P, where gi is homogeneous of degree c0+c1. Then
there is an automorphism τ of P(c3, c4) such that g1 = τ∗g2.
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Proof. Let σ∗ be the automorphism of C[s1, s2, s3, s4] induced by σ. We have
(1) σ∗(s1s2 + g2) = α(s1s2 + g1)
for some α 6= 0. After re-scaling coordinates, we may assume α = 1.
We first treat the case where c0 > c1. After re-scaling s0, we have σ
∗s1 = s1 + a
for some a ∈ C[s2, s3, s4], and σ∗si does not involve s1 for i = 2, 3, 4 since c1 > ci. By
comparing the terms involving s1 in (1), we have σ
∗s2 = s2 and thus g1 = as2+σ∗g2.
It follows that σ restricts to an automorphism σ¯ of (s2 = 0) ∼= P(c1, c3, c4). Moreover,
since σ∗si does not involve s1 for i = 3, 4, the correspondence si 7→ σ¯∗si for i = 3, 4
defines an automorphism of P(c3, c4), which we denote by τ . By the construction,
we have g1 = τ
∗g2.
We treat the case where c1 = c2. We have σ
∗s1 = α1s1 + α2s2 + a and σ∗s2 =
β1s1 +β2s2 + b for some αi, βi ∈ C and a, b ∈ C[s3, s4]. Note that σ∗si ∈ C[s3, s4] for
i = 3, 4 since c3, c4 < c1 = c2. We have (α1, β1) 6= (0, 0) since σ is an automorphism.
Possibly interchanging s1 and s2, we may assume α1 6= 0. Then, by comparing terms
involving s1 and s2 in (1), we have α2 = β1 = 0, α1β2 = 1, a = b = 0 and g1 = σ
∗g2.
Thus σ restricts to an automorphism τ of (s1 = s2 = 0) ∼= P(c3, c4) and we have
g1 = τ
∗g2. This completes the proof. 
Lemma 3.2. We have an equivalence
(p ∈ X ′) ∼= (o ∈ (s1s2 + h(s3, s4) = 0)/Zn(a2,−a2, 1, 0))
of singularities, where the lowest weight part of h with respect to the weight wt(s3, s4) =
(1, n) is hd−n = f(s3, s4, 0, 0).
Proof. Let ϕ : Y ′ → X ′ be the weighted blowup with wt(x0, x1, x2, x3) = 1n(1, n, a2 +
n, a3) at p with exceptional divisor E. It is proved in [12, Section 4.2] that ϕ is a
divisorial contraction (see also Section 4). We have an isomorphism
E ∼= (x2x3 + f(x0, x1, 0, x3) = 0) ⊂ P(1, n, a2 + n, a3).
By filtering off terms divisible by x3 and then replacing x2, we see that E ∼= (x2x3 +
f(x0, x1, 0, 0) = 0). Let
(p ∈ X ′) ∼= (o ∈ (s1s2 + h(s3, s4) = 0)/Zn(a2,−a2, 1, 0)).
be any identification of the cA/n point p, where h(s3, s4) ∈ C{s3, s4}. Let ψ be the
divisorial extraction of (s1s2+h = 0)/Zn which corresponds to ϕ, and let F be the ψ-
exceptional divisor. ψ is a weighted blowup with wt(s1, s2, s3, s4) =
1
n(c1, c2, c3, c4)
for some c1, . . . , c4. The identification of singularities induces an isomorphism
σ : P(1, n, a2 + n, a3)→ P(c1, c2, c3, c4)
which restricts to an isomorphism σ|E : E → F between exceptional divisors. In
particular, we have {c1, c2, c3, c4} = {1, n, a2 + n, a3} and we may assume that c1 =
a2 + n, c2 = a3, c3 = 1 and c4 = n after interchanging s1 and s2, and s3 and s4.
Here F = (s1s2 + hm(s3, s4) = 0), where hm is the lowest weight part of h. Since
a2 + n > 1, n, we can apply Lemma 3.1 for the isomorphism σ and there is an
isomorphism τ : P(1, n) → P(c3, c4) such that τ∗hm = f(x0, x1, 0, 0). We see that τ
extends to an Zn-equivariant automorphism of A4 with coordinates s1, s2, s3, s4 by
setting τ∗si = si for i = 1, 2. Thus, by replacing the germ (s1s2 + h = 0)/Zn with
the automorphic image (s1s2 + τ
∗h = 0)/Zn, we see that m = deg f = d − n and
hd−n = f(s3, s4, 0, 0). 
Q-FANO WEIGHTED COMPLETE INTERSECTIONS, III 11
Definition 3.3. Under the above identification, for positive integers r1 and r2, let
ϕ(r1,r2) : Y
′
(r1,r2)
→ X ′
be the birational morphism that is the weighted blowup of X ′ at p with weight
wt(s1, s2, s3, s4) =
1
n(r1, r2, 1, n). We call ϕ(r1,r2) the
1
n(r1, r2)-blowup.
Lemma 3.4. (1) Let X ′ be a member of G′i with i ∈ I∗cA/1. Then,
{ϕ(r1,r2) | r1, r2 > 0, r1 + r2 = d− 1}
are the divisorial extractions centered at p.
(2) Let X ′ ∈ G′i be a member of i ∈ IcA/n with n ≥ 2. Then,
{ϕ(r1,r2) | r1, r2 > 0, r1 + r2 = d− n, r1 ≡ a2 (mod n)},
are the divisorial extractions centered at p.
Proof. (2) follows immediately from [6, §6]. We will prove (1). According to the
classification [8, Theorem 1.13], we need to show that a weighted blowup “of type
(r1, r2, k, 1)” cannot be a divisorial extraction of (p ∈ X ′) for k ≥ 2. Suppose that
(p ∈ X ′) admits such an extraction. This means that there are k ≥ 2 and an
identification
(p ∈ X ′) ∼= (o ∈ (s1s2 + h′(s3, s4) = 0))
for some h′ ∈ C{s3, s4} such that sd−n3 ∈ h′ and si3sj4 /∈ h′ for 2ki + j < k(d − n).
In this case, the weighted blowup with wt(s1, s2, s3, s4) = (r1, r2, k, 1) is a divisorial
extraction of (p ∈ X ′) for any r1, r2 such that r1 + r2 is divisible by k and k is
co-prime to r1 and r2. But, in this case, Y
′
(r1,r2)
has a (unique) cA point along the
exceptional divisor for any r1, r2 such that r1 + r2 = d − n. On the other hand,
by [12, Section 4,2], there is a pair (r1, r2) with r1 + r2 = d − n such that Y ′(r1,r2)
has only terminal quotient singularities. This is a contradiction and the proof is
completed. 
3.2. cD/3 point. Let X ′ be a member of G′i with i ∈ IcD/3 = {61, 62} and p = p4 ∈
X ′ the cD/3 point. The singularity (X ′, p) is indeed of type cD/3 since a general
hyperplane section of index 1 cover of (X ′, p) is of type D.
Lemma 3.5. Suppose that i = 61 (resp. 62) and X ′ is defined by a standard
polynomial. Then the weighted blowup ϕ′ : Y ′ → X ′ of X ′ at p, which is de-
fined as the weighted blowup of X ′ at p with wt(x0, x1, y, z) = 13(4, 1, 5, 6) (resp.
wt(x, y, z, t) = 13(1, 6, 4, 5)), is the unique divisorial extraction centered at p.
Proof. It is proved in [12] that ϕ : Y ′ → X ′ is an extremal extraction. According
to the classification of extremal divisorial extraction of cD/3 point in [6, §9], every
extremal divisorial extraction centered at p is a weighted blowup and if it admits a
weighted blowup with weight (1, 4, 5, 6) as an extremal divisorial extraction, then it
is the unique extremal divisorial extraction of p. 
4. Sarkisov links between X and X ′
Let X ′ be a member of G′i with i ∈ I∗cA/n ∪ IcD/3 and p = p4. We will show that
there is a Sarkisov link X ′ 99K X to the birational counterpart X ∈ Gi starting with
each ϕ(k,l)-blowup marked X
′ 99K X 3 1r (α, β, γ). The mark 1r (α, β, γ) indicates
that the link X ′ 99K X ends with the Kawamata blowup of X at a singular point of
type 1r (α, β, γ).
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Theorem 4.1. Suppose i ∈ IcD/3 = {61, 62}. Then, there is a Sarkisov link X ′ 99K
X starting with the unique divisorial extraction centered at p.
Proof. In [12, Theorem 4.10], we constructed a Sarkisov link X 99K X ′ which ends
with the divisorial contraction centered at p. Thus its inverse X ′ 99K X is the
desired one. 
In the following, we assume that i ∈ I∗cA/n and X ′ ⊂ P(1, n, a2, a3, n) is defined
by a standard polynomial F ′ = w2x2x3 + wf + g. Let X ∈ Gi be the birational
counterpart. In [12, Section 4.2], Sarkisov links X 99K X ′ are constructed. Each
link X 99K X ′ ends with a divisorial extraction centered at p. Such an extraction is a
weighted blowup and the complete description is given. We recall the construction.
Let ϕ′ : Y ′ → X ′ be the weighted blowup with wt(x0, x1, x2, x3) = 1n(1, n, a2 +
n, a3) (resp.
1
n(1, n, a2, a3 +n)). It is proved in [12, Section 4.2] that ϕ is a divisorial
extraction and hence we have ϕ′ = ϕ(a2+n,a3) (resp. ϕ(a2,a3+n)). We define
Z := (x4(x4x3 + f) + x2g = 0) ⊂ P(1, n, a2, a3, a2 + n),
(resp. Z := (x5(x5x2 + f) + x3g = 0) ⊂ P(1, n, a2, a3, a3 + n)),
where deg x4 = a2 + n and deg x5 = a3 + n. By taking the ratio in two ways
x5 := −x4x3 + f
x2
=
g
x4
and w :=
x4
x2
= − g
x3 + f
,(
resp. x4 := −x5x2 + f
x3
=
g
x5
and w :=
x5
x3
= − g
x5x2 + f
)
,
we obtain birational maps X 99K Z and X ′ 99K Z. The Kawamata blowup ϕ : Y →
X at p5 (resp. p4) and ϕ resolves the indeterminacies of X 99K Z and X ′ 99K Z,
respectively, and we have the following diagram
Y ′
ϕ′

τ //
  
Y
ϕ

X ′ Z X
where τ is a flop. This is the Sarkisov link, denoted by σ(a2+n,a3) (resp. σ(a2,a3+n)),
starting with ϕ(a2+n,a3) (resp. ϕ(a2,a3+n)).
If i = {7, 10}, then the above construction gives all the Sarkisov links X ′ 99K X
centered at p.
Suppose i 6= {7, 10}, that is,
i ∈ {6, 9, 16, 18, 22, 26, 28, 33, 44, 48, 57}.
In the following, let (k, l) be either (a2 + n, a3) or (a2, a3 + n). We have construc-
tructed a Sarkisov link X ′ 99K X starting with 1n(k, l)-blowup. We see that X ′
admits 1n(l, k)-blowup. We will explain a relation between ϕ(k,l) and ϕ(l,k) and show
that there is a Sarkisov link X ′ 99K X starting with ϕ(l,k).
Suppose i ∈ {9, 22, 28, 33, 48, 57}. Then degF ′ = 2a3 and we can write
F ′ = w2x2x3 + w(x3a+ b) + x23 + x3c+ d
for some a, b, c, d ∈ C[x0, x1, x2].
Definition 4.2. For i ∈ {9, 22, 28, 33, 48, 57}, we define µ to be the biregular invo-
lution of X ′ defined by the replacement x3 7→ −x3 − w2x2 − wa− c.
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We see that µ(p) = p and that the composite µ ◦ ϕ(k,l) defines the ϕ(l,k)-blowup.
The diagram
Y ′
ϕ(l,k)
}}
ϕ(k,l)

flop // Y
ϕ

X ′
µ //
σ(l,k)
55X ′
σ(k,l) // X
gives the Sarkisov link σ(l,k) : X
′ 99K X starting with ϕ(l,k).
Suppose i ∈ {6, 16, 18, 26, 44}. Then, degF ′ = 2a3 + n and we can write
F ′ = w2x2x3 + w(x23 + x3a+ b) + x3c+ d
for some a, b, c, d ∈ C[x0, x1, x2]. Here, a priori, there is a term x23e in F ′ for some
e ∈ C[x0, x1, x2] but we can eliminate the term by replacing w with w − e. The
birational counterpart X ∈ Gi is defined by
F1 = x5x2 + x4x3 + (x
2
3 + x3a+ b)
F2 = x5x4 − (x3c+ d)
in P(1, n, a2, a3, a2 + n, a3 + n).
Definition 4.3. Suppose i ∈ {6, 16, 18, 26, 44}. We define
F˜ ′ := F ′(x0, x1, x2,−x3 − wx2 − a,w)
= w2x2x3 + w(x
2
3 + x3a+ b− x2c)− x3c+ d− ac
and then define X˜ ′ to be the weighted hypersurface defined by F˜ ′. We denote by
ν ′ : X ′ → X˜ ′ the isomorphism defined by the replacement x3 7→ −x3 − wx2 − a.
We define
F˜1 := F1(x0, x1, x2,−x3 − x4 − a, x4, x5 + c)
= x5x2 + x4x3 + (x
2
3 + x3a+ b− x2c)
F˜2 := F2(x0, x1, x2,−x3 − x4 − a, x4, x5 + c)
= x5x4 − (−x3c+ d− ac)
and then define X˜ to be the WCI defined by F˜1 = F˜2 = 0. We denote by µ : X → X˜
the isomorphism defined by the replacements x3 7→ −x3 − x4 − a and x5 7→ x5 + c.
Since X˜ ′ ∈ G′i and X˜ is the birational counterpart of X˜ ′, there is a Sarkisov link
σ˜(k,l) : X˜
′ 99K X˜ starting with (k, l)-blowup ϕ˜(k,l) of X˜ ′ and ending with Kawamata
blowup ϕ˜ : Y˜ → X˜. We see that ϕ(l,k) = ν ′−1 ◦ ϕ˜(k,l) and that the composite
ϕ := ν−1 ◦ ϕ˜ is the Kawamata blowup of X. Therefore the diagram
Y˜ ′
ϕ˜(k,l)

ϕ(l,k)
~~
flop // Y˜
ϕ˜

ϕp

X ′ ν
′
//
σ(l,k)
44X˜ ′
σ˜(k,l) // X˜ X
νoo
gives the Sarkisov link σ(l,k) : X
′ 99K X starting with ϕ(l,k) and ending with ϕ. As
a conclusion, we have the following.
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Theorem 4.4. Let X ′ be a member of G′i with i ∈ I∗cA/n and let ϕ(k,l) be a divisorial
extraction centered at p = p4 marked X
′ 99K X in the big table. Then there is a
Sarkisov link σ(k,l) : X
′ 99K X starting with ϕ(k,l).
5. Birational involutions centered at quotient singular points
In this section, we construct a birational involution of X ′ ∈ G′i that is a Sarkisov
link centered at a suitable terminal quotient singular point. Throughout this section,
let p ∈ X ′ be a terminal quotient singular point with non-empty third column in the
big table and let ϕ′ : Y ′ → X ′ be the Kawamata blowup of X ′ at p with exceptional
divisor E. For a divisor or a curve ∆ on X ′, we denote by ∆˜ the proper transform
of ∆ on Y ′.
5.1. Quadratic involutions.
Theorem 5.1. Let X ′ be a member of G′i with i ∈ I∗cA/n ∪ IcD/3 and p ∈ X ′ a
terminal quotient singular point marked Q.I. in the third column. Then there exists
a birational involution of X ′ that is a Sarkisov link centered at p.
Proof. Let P(a0, . . . , a4) be the ambient space of X ′ with coordinates x0, . . . , x3, w.
After replacing coordinates, we may assume p = pj for some j 6= 4. Then, after
replacing coordinates, the defining polynomial can be written as F ′ = x2jxk+xjh1 +
h2, where k 6= j and h1, h2 are polynomials in x0, . . . , x3, w that do not involve xj .
It then follows from [5, Theorem 4.9] that there is a birational involution of X ′ that
is a Sarkisov link centered at p. 
5.2. Family G′18 and the point of type 12(1, 1, 1). Let X ′ = X ′8 ⊂ P(1, 1, 2, 3, 2)
be a member of G′18 and p ∈ X ′ the singular point of type 12(1, 1, 1).
The defining polynomial of X ′ is of the form F ′ = w2x0z + wf6 + g8, where
f6, g8 ∈ C[x0, x1, y, z]. If y3 /∈ f6, then there is no 12(1, 1, 1) point on X ′. Hence we
may assume that y3 ∈ f6. After replacing w suitably, we assume that p = p2 and
there is no monomial in g8 that is divisible by y
3.
We first treat the case where z2y ∈ g8. By replacing coordinates suitably, we have
F ′ = yz2 + a5z − wy3 − b4y2 − c6y + d8,
where a5, b4, c6, d8 ∈ C[x0, x1, w]. By [5, Theorem 4.13], the sections
u := z2 − wy2 − b4y − c6 and v := uz + a5wy + a5b4
lift to plurianticanonical sections of Y ′. Moreover, the anticanonical model Z ′ of Y ′
is the weighted hypersurface defined by the equation
−v2 + a6b4v + u3 + u2c6 − (b4d8 + a25w)v + (−a25c6 + d28)w = 0
in P(1x0 , 1x1 , 2w, 6u, 9v) and the corresponding map ψ′ : Y ′ 99K Z ′ is a morphism. By
[13, Lemma 3.2], either p is not a maximal center or there is a birational involution
of X ′ that is a Sarkisov link centered at p.
In the following, we treat the case where z2y /∈ g8. We will construct a birational
involution of a suitable model of Y ′ and observe that the induced birational invo-
lution of X ′ gives a Sarkisov link starting with ϕ. This kind of involution is called
an invisible involution in [3] and its construction is first introduced there. One can
find its construction in a relatively general setting in [13, Section 7.1] and the rest of
this section is to verify [13, Condition 7.1]. This involves complicated computations
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and a reader not interested in special members may skip this part since this does
not happen for a general X ′ ∈ G′33.
After re-scaling y, z, w, we assume that the coefficients of y3 and z2 in f6 are
both 1. In this case, either y2zx0 ∈ g8 or y2zx1 ∈ g8 because otherwise X ′ is not
quasismooth at (0 : 0 :−1 : 1 : 0). We see that x0, x1, z vanish along E to order 1/2
and w vanishes along E to order 2/2. For λ, µ ∈ C, we define Sλ := (x1−λx0 = 0)X′
and Tµ := (w − µx20 = 0)X′ . We see that Sλ is normal for a general λ. We set
F¯ ′λ,µ := F (x0, λx0, y, z, µx
2
0) ∈ C[x0, y, z].
We see that F¯ ′λ,µ is divisible by x0 but not by x
2
0 since y
2zx0 ∈ g8 or y2zx1 ∈ g8.
We have Tµ|Sλ = Γ + Cλ,µ, where Γ = (x0 = x1 = w = 0) and
Cλ,µ = (x1 − λx0 = w − µx20 = F¯ ′λ,µ/x0 = 0).
Let Z ′ → Y ′ be the Kawamata blowup of Y ′ at the 13(1, 1, 2) point that is the
inverse image of p3 by ϕ with exceptional divisor F ∼= P(1, 1, 2). Let W → Z ′ be the
Kawamata blowup of Z ′ at the 12(1, 1, 1) point lying on F with exceptional divisor
G. For a curve or a divisor ∆ on X ′, Y ′ or Z ′, we denote by ∆ˆ the proper transform
of ∆ on W .
Lemma 5.2. We have
(−KY ′ · C˜λ,µ) = 2
3
, (−KW · Cˆλ,µ) = 0, (−KW · Γˆ) = −1
and
(Eˆ · Cˆλ,µ) = 1, (Fˆ · Cˆλ,µ) = 0, (G · Cˆλ,µ) = 1.
Proof. In this proof, we write S = Sλ, T = Tµ and C = Cλ,µ for simplicity. We see
that Γ˜ intersects E at one point so that (E · Γ˜) = 1. For a curve or a divisor ∆ on X ′
or Y ′, we denote by ∆˘ the proper transform of ∆ on Z ′. We see that Γ˘ intersects F
at the 12(1, 1, 1) point. We compute the intersection number (F · Γ˘) by considering a
suitable weighted blowup of the ambient space of Y ′. We may choose x0, x1, y, z as
local orbifold coordinates of Y ′ at the 13(1, 1, 2) point. The weighted blowup of the
ambient space with weight wt(x0, x1, y, w) =
1
3(1, 1, 2, 2) restricts to the Kawamata
blowup Z ′ → Y ′. Since Γ˜ is defined by (x0 = x1 = w = 0), we have
(F · Γ˘) = (F · −1
3
F · −1
3
F · −2
3
F ) = − 2
33
× (−3)
3
2× 2 =
1
2
.
In the above equation, we think of F as the exceptional divisor of the weighted
blowup of the ambient space, which is isomorphic to P(1, 1, 2, 2). We see that Γˆ
intersects G at one point so that (G · Γˆ) = 1.
We have (−KY ′ · Γ˜) = (−KX′ ·Γ)− 12(E · Γ˜) = −13 . Similarly, we have (−KZ · Γ˘) =
(−KY ′ · Γ˜) − 13(F · Γ˘) = −12 and (−KZ · Γˆ) = (−KZ · Γ˘) − 12(G · Γˆ) = −1. Since
S˜ ∼Q −KY ′ , T˜ ∼Q −2KY ′ , T˜ |S˜ = Γ˜ + C˜ and KY ′ = KX′ + 12E, we have
2(−KY ′)3 = (−KY ′ · T˜ · S˜) = (−KY ′ · Γ˜) + (−KY ′ · C˜),
(−KY ′ · C˜) = (−KX′ · C)− 1
2
(E · C˜).
It follows that (−KY ′ · C˜) = 2/3 and (E · C˜) = 1 since (E3) = 4 and (−KY ′)3 =
(−KX′)3 − (1/23)(E3) = 1/6. Note that (Eˆ · Cˆ) = (E · C˜) = 1 since W → Y ′
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is an isomorphism over an open set which entirely contains E. Since S˘ ∼Q −KZ ,
T˘ ∼Q −2KZ , T˘ |S˘ = Γ˘ + C˘ and KZ = KY ′ + 13F , we have
2(−KZ)3 = (−KZ · T˘ · S˘) = (−KZ · Γ˘) + (−KZ · C˘),
(−KZ · C˘) = (−KY ′ · C˜)− 1
3
(F · C˘).
It follows that (−KZ ·C˘) = (F ·C˘) = 1/2 since (F 3) = 9/2 and (−KZ)3 = (−KY ′)3−
(1/33)(F 3) = 0. Similarly, since Sˆ ∼Q −KW , Tˆ ∼Q −2KW , Tˆ |Sˆ = Γˆ + Cˆ and
KW = KZ +
1
2G, we have
2(−KZ)3 = (−KZ · Tˆ · Sˆ) = (−KZ · Γˆ) + (−KW · Cˆ),
(−KW · Cˆ) = (−KZ · C˘)− 1
2
(G · Cˆ).
It follows that (−KW · Cˆ) = 0 and (G · Cˆ) = 1 since (G3) = 4 and (−KW )3 =
(−KZ)3 − (1/23)(G3) = −1/2. Finally, the pullback of F on W is the divisor
Fˆ + 12G, hence we have (F · C˘) = (Fˆ · Cˆ) + 12(G · Cˆ), which implies (Fˆ · Cˆ) = 0. 
Lemma 5.3. If, for a general λ ∈ C, there is µ ∈ C (depending on λ) such that
Cλ,µ is reducible, then p is not a maximal center.
Proof. We can write
F¯ ′λ,µ/x0 = αx0z
2 + (βy2 + γyx20 + δx
4
0)z + µy
3x0 + εy
2x30 + ηyx
5
0 + θx
7
0,
for some α, β, . . . , θ ∈ C. Note that α, . . . , θ depend on λ and µ, and β depends only
on λ. Let λ be a general complex number so that β 6= 0 and take µ ∈ C such that
Cλ,µ is reducible. Since F¯
′
λ,µ/x0 is reducible, we have
F¯ ′λ,µ/x0 = (z + e3)(αx0z + e4)
for some e3, e4 ∈ C[x0, y]. We have y2 ∈ e4 since β 6= 0. It follows that Cλ,µ =
∆1 + ∆2, where ∆1 = (x1 − λx0 = w − µx20 = z + e3 = 0) and ∆2 = (x1 − λx0 =
w−µx20 = αx0z+e4 = 0). Note that ∆1 is irreducible and ∆2 does not pass through
p since y2 ∈ e4. Thus (−KY ′ · ∆˜2) = (−KX′ ·∆2) = 2/3. This implies
(−KY ′ · ∆˜1) = (−KY ′ · C˜λ,µ)− (−KY ′ · ∆˜2) = 0.
Clearly we have (E · ∆˜1) > 0. Therefore, there are infinitely many irreducible curves
on Y ′ that intersect −KY ′ non-positively and E negatively. By [13, Lemma 2.18], p
is not a maximal center. 
Let pi : X ′ 99K P(1x0 , 1x1 , 2w) be the projection which is defined outside Γ. Let
H ⊂ |−2KX′ | be the linear system on X ′ generated by x20, x0x1, x21 and w, and
let HY ′ , HW be the proper transform of H on Y ′, W , respectively. We see that
HY ′ = |−2KY ′ | and HW = |−2KW |. Let piλ : Sλ 99K P(1, 2) ∼= P1 be the restriction
of pi to Sλ and pˆi : Sˆλ 99K P1 be the composite of (ϕ′◦ψ)|Sˆλ : Sˆλ → Sλ and piλ. We set
Eˆλ = Eˆ|Sˆλ , Fˆλ = Fˆ |Sˆλ and Gˆλ = G|Sˆλ . Note that p and p3 are the indeterminacy
points of piλ.
Lemma 5.4. The base locus of HW is the curve Γ and the pair (W, 12HW ) is canon-
ical.
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Proof. It is straightforward to see that BsHW = Γ. We see that W is nonsingular
along Γ, a general member of HW vanishes along Γ with multiplicity 1 and the
blowing-up of W along Γ resolves the base locus of HW . This shows that (X, 12HW )
is canonical (in fact, terminal). 
Lemma 5.5. The intersection matrix of curves in (x0 = 0)|Sλ is non-degenerate.
Proof. We have (x0 = 0)Sλ = Γ + ∆, where ∆ = (x0 = x1 = y
3 + z2 = 0). We have
(Γ ·∆) = 1 since Γ intersects ∆ at one nonsingular point. Since (−KX′)|Sλ ∼Q (x0 =
0)|Sλ = Γ + ∆, we have 1/6 = (−KX′ · Γ) = (Γ2) + (Γ ·∆) and 1/2 = (−KX′ ·∆) =
(Γ ·∆) + (∆2). It follows that the intersection matrix(
(Γ2) (Γ ·∆)
(Γ ·∆) (∆2)
)
=
(−5/6 1
1 −1/2
)
is non-degenerate. 
By [13, Lemma 7.2], there is a birational involution of X ′ centered at p. As a
conclusion, we have the following.
Theorem 5.6. Let X ′ be a member of G′18 and p a singular point of type 12(1, 1, 1).
Then either p is not a maximal center or there is a birational involution of X ′ which
is a Sarkisov link centered at p.
6. Birational involutions centered at cA/n points
Let X ′ be a member of G′i with i ∈ I∗cA/n and p = p4 the cA/n point. We treat 6
families, that is,
i ∈ {10, 26, 33, 38, 48, 63},
and show that there is a birational involution of X ′ starting with a divisorial extrac-
tion ϕ marked B.I. in the big table.
We briefly explain the argument of this section. Let ϕ : Y ′ → X ′ be an extraction
marked B.I. We first give an explicit global construction of ϕ, which enables us to
give an explcit construction of anticanonical model Z ′ of Y ′. We observe that the
anticanonical map Y ′ 99K Z ′ is a birational morphism and Z ′ admits a double cover
onto a suitable WPS. By [13, Lemma 3.2], we conclude that either p is not a maximal
center or there is a birational involution starting with ϕ.
6.1. Families Gi for i ∈ {10, 26, 38, 48, 63}. We first treat the case where i ∈
{10, 26, 48}. The standard polynomial of X ′ ⊂ P(1, n, a2, a3, n) can be written as
F ′ = w2x2x3 + w(x22a+ x2b+ c) + x
3
2 + x
2
2d+ x2e+ h,
where a, b, . . . , e, h ∈ C[x0, x1, x3]. Note that we have a3 + 2n = 2a2. Note also that
we have n = 1 in this case but we use n for a unified exposition.
We construct a divisorial extraction that corresponds to (a2−n, a3 + 2n)-blowup.
Filtering off terms divisible by x2, the defining equation of X
′ is written as
(2) F ′ = x2u+ wc+ h = 0,
where
(3) u := w2x3 + w(x2a+ b) + x
2
2 + x2d+ e.
Note that deg u = a3 +2n. Let P := P(1, n, a2, a3, n, a3 +2n) be the WPS with coor-
dinates x0, . . . , x3, w and u. Then, X
′ is a weighted complete intersection, defined by
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the equations (2) and (3). Let Φ: W → P be the weighted blowup at (0:0 :0 :0 :1 :0)
with
wt(x0, x1, x2, x3, u) =
1
n
(1, n, a2 − n, a3, a3 + 2n)
and Y ′ the proper transform of X ′ by Φ. We denote by ϕ : Y ′ → X ′ the induced
birational morphism and by E its exceptional divisor.
Lemma 6.1. The weighted blowup ϕ : Y ′ → X ′ is a divisorial extraction centered
at p.
Proof. We will show that Y ′ has only terminal quotient singularities, which complete
that proof. We see that X ′ is defined by
x2u+ wc+ h = −u+ w2x3 + w(x2a+ b) + x22 + x2d+ e = 0
in P and we have an isomorphism
E ∼= (x2u+ c = x3 + x2a+ x22 = 0) ⊂ P(1x0 , nx1 , (a2 − n)x2 , a3x3 , (a3 + 2n)u).
We see that deg a = a2 − n < a3 and hence a does not involve the variable x3. We
have
Jϕ =
(
∂c
∂x0
∂c
∂x1
u ∂c∂x3 x2 h
x2
∂a
∂x0
x2
∂a
∂x1
a+ 2x2 1 0 b+ x2d
)
.
We see that Jϕ is of rank 2 outside the set
Σ :=
(
x2 =
∂c
∂x0
=
∂c
∂x1
= u− a ∂c
∂x3
= h− b ∂c
∂x3
= 0
)
∩ E
=
(
x2 = x3 = c =
∂c
∂x0
= h− b ∂c
∂x3
=
∂c
∂x1
= u− a ∂c
∂x3
= 0
)
.
We claim that the system of equations
x3 = c =
∂c
∂x0
=
∂c
∂x1
= h− b ∂c
∂x3
= 0
has no non-trivial solution. Assume to the contrary that the above equations have
a common solution (x0, x1, x3) = (α0, α1, 0) 6= (0, 0, 0). Let X be the birational
counterpart of X ′ which is defined by
F1 = x5x2 + x4x3 + (x
2
2a+ x2b+ c) = 0,
F2 = x5x4 − (x32 + x22d+ x2e+ h) = 0,
in P(1, n, a2, a3, a2 + n, a3 + n) and set q := (α0 : α1 : 0 : 0 : −c¯′ : −b¯), where c¯′ =
(∂c/∂x3)(α0, α1, 0) and b¯ = b(α0, α1, 0). Then, q ∈ X and ∂F1/∂xi vanishes at q
for i = 0, 1, . . . , 5. Thus X is not quasismooth at q and this is a contradiction.
The above claim implies that Σ = ∅. By Lemma 2.1, Y ′ has only cyclic quotient
singularities. Straightforward computations in each instance show that Y ′ has only
terminal quotients singularities (see Table 4 for the singularities of Y ′ along E),
which implies that ϕ is a divisorial extraction. 
We see that x0, x1, x3 and u lift to plurianticanonical sections on Y
′. We construct
one more section v that lifts to a plurianticanonical section on Y ′ and then determine
the anticanonical map of Y ′. Multiplying u to (3) and then eliminating x2u =
−wc− h by (2), we have
(4) wv − u2 + ue− h(x2 + d) = 0,
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Table 4. Singularities of Y ′ along E
No. Singular points
10 1× 13(1, 1, 2)
26 1× 12(1, 1, 1)
38 1× 13(1, 1, 2) if z3 /∈ f9, 1× 18(1, 3, 5)
48 1× 13(1, 1, 2), 1× 18(1, 1, 7)
63 1× 13(1, 1, 2) if y4 ∈ f12, 1× 110(1, 3, 7)
where
(5) v := w(ux3 − ac) + ub− cx2 − cd− ah.
We have deg v = 4a2 − n. The sectins u2, ue and hd vanish along E to order
4a2/n, and the section hx2 vanishes along E to order (4a2 − n)/n. Hence, by (4), v
vanishes along E to order at least (4a2− n)/n = deg v/n. This shows that v lifts to
a plurianticanonical section. Let
ψ : X ′ 99K P(1x0 , nx1 , a3x3 , (a3 + 2n)u, (4a2 − n)v)
the rational map defined by plurianticanonical sections x0, x1, x3, u, v. We see that
the intersection of zero loci of proper transforms on Y ′ of (x0 = 0)X′ , (x1 = 0)X′ ,
(x3 = 0)X′ , (u = 0)X′ and (v = 0)X′ is empty. This implies that ψ is a morphism.
The equations (2), (4) and (5) can be expressed as
M ·
x2w
1
 =
00
0
 ,
where
M =
 u c h−h v −u2 + ue− hd
c −ux3 + ac v − ub+ cd+ ah
 .
We see that detM is divisible by u and G := detM/u is quadratic with respect to v.
It follows that ψ is birational and the image of ψ is the weighted hypersurface Z ′ in
P(1, n, a3, a3 + 2n, 4a2−n) defined by the equation G = 0. Moreover, the projection
to the coordinates x0, x1, x3, u defines a double cover pi : Z
′ → P(1, n, a3, a3 + 2n).
We explain that the birational morphism ψ : Y ′ → Z ′ is not an isomorphism.
Let S˜ be the proper transform on Y ′ of S := (c = h = u = 0) ⊂ X ′. Here the
section u, considered as a section on X ′, is a polynomial in x0, x1, x2, x3, and w.
We see that ψ(T ) = (c = h = u = v = 0) ⊂ Z ′. We have 1 ≤ dimT ≤ 2 and
dimψ(T ) = dimT − 1. This shows that ψ cannot be an isomorphism.
By [13, Lemma 3.2], either ϕ is not a maximal extraction or there is a birational
involution of X ′ which is a Sarkisov link starting with ϕ.
We next treat the case where i ∈ {38, 63}. The standard polynomial of X ′ ⊂
P(1, n, a2, a3, n) can be written as
F ′ = w2x2x3 + w(x23a+ x3b+ c) + x
3
3 + x
2
3d+ x3e+ h,
where a, b, . . . , e, h ∈ C[x0, x1, x2]. Note that a2 + 2n = 2a2 and n = 3 in this case.
We have a symmetry between families G′i with i ∈ {10, 26, 48} and with i ∈ {38, 63}:
the situation coincides after interchanging the role of x2 and x3. Thus, by the
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symmetric argument, we can construct the section u = w2x2+w(x3a+b)+x
2
3+x3d+e
of degree a2 + 2n, and the weighted blowup ϕ : Y
′ → X ′ with
wt(x0, x1, x2, x3, u) =
1
n
(1, n, a2, a3 − n, a2 + 2n),
which is a divisorial extraction (see Table 4 for the singularities of Y ′ along E).
Moreover, we have the anticanonical morphism ψ : Y ′ → Z ′ whose base admits a
double cover Z ′ → P(1, n, a2, a2+2n). By [13, Lemma 3.2], either ϕ is not a maximal
extraction or there is a birational involution of X ′ which is a Sarkisov link starting
with ϕ. Therefore, we have the following.
Theorem 6.2. Let X ′ be a member of G′i with i ∈ {10, 26, 38, 48, 63}, p = p4 the
cA/n point, and let ϕ(k,l) : Y
′
(k,l) → X ′ an extremal divisorial extraction centered at
p marked B.I. in the big table. Then, one of the following holds.
(1) ϕ(k,l) is not a maximal extraction.
(2) There is a birational involution of X ′ which is the Sarkisov link starting with
ϕ(k,l).
Proof. If i ∈ {38, 63} (resp. i ∈ {10, 26, 48}), then there is a unique extraction
(resp. two extractions) marked B.I. The extraction ϕ : Y ′ → X ′ corresponds to (one
of) ϕ(k,l) marked B.I. Thus the proof is completed for i ∈ {38, 63}. Suppose that
i ∈ {10, 26, 48}. The proof is completed for ϕ = ϕ(a2−n,a3+2n). We need to consider
the case where ϕ = ϕ(a3+2n,a2−n). If i = 10, then, by interchanging the role of x2
and x3 in the above construction, we obtain the (a3 +2n, a2−n)-blowup ϕ. If i = 26
(resp. 48), then ϕ is obtained as the composite of ϕ(a2−n,a3+2n) and the isomorphism
ν ′ (resp. the automorphism µ) defined in Definition 4.3 (resp. 4.2). Therefore, the
proof for ϕ(a3+2n,a2−n) follows from that for ϕ(a2−n,a3+2n). 
6.2. Family G′33 and (2, 7), (7, 2)-blowups. Let X ′ = X ′10 ⊂ P(1, 1, 3, 5, 1) be a
member of G′33 and p = p4. The aim of this subsection is to construct birational
involutions starting with (2, 7)- and (7, 2)-blowups. This construction is a version
of that of “invisible involutions” introduced in [3] (see also Section 5.2 and [13,
Section 7]). We first give an explicit global description of (2, 7)- and (7, 2)-blowups
ϕ : Y ′ → X ′ and then construct a birational involution of a suitable model of Y ′.
The induced birational involution of Y ′ turns out to be a composite of inverse flips,
flops and flips (in fact, it is a flop), so that it gives the desired Sarkisov link.
We can write the defining polynomial of X ′ as
F ′ = w2yz + w(zya1 + za4+y3 + y2a3 + ya6 + a9)
+ z2 + zyb2 + zb5 + y
2b4 + yb7 + b10,
(6)
where ai, bi ∈ C[x0, x1]. Filtering off terms divisible by wy, we obtain
(7) F ′ = wyu+ w(za4 + a9) + z2 + zyb2 + zb5 + y2b4 + yb7 + b10,
where
(8) u := wz + za1 + y
2 + ya3 + a6.
Multiplying F ′ by w, eliminating wz by the equation (8) and then filtering off terms
divisible by y, we obtain
(9) wF ′ = yv + w2a9 + (wa4 + z + b5)(u− za1 − a6) + wb10,
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where
v := w2u− (wa4+z + b5)(y + a3)
+ b2(u− za1 − y2 − ya3 − a6) + wyb4 + wb7.
(10)
Let U be the open subset subset of X ′ where w = 1. We see that U is naturally
isomorphic to the subvariety of A6 with affine coordinates x0, x1, y, z, u and v defined
by three polynomials which are obtained by setting w = 1 in (8), (9) and (10). Let
ϕ : Y ′ → X ′ be the weighted blowup of X ′ with
wt(x0, x1, y, z, u, v) = (1, 1, 2, 4, 6, 7)
and let E be the exceptional divisor of ϕ′.
Lemma 6.3. The weighted blowup ϕ : Y ′ → X ′ is a divisorial extraction centered
at p.
Proof. We have
E ∼= (z + y2 = yv + a9 − (a4 + z)za1 = u− (a4 + z)y − y2b2 + yb4 = 0),
where the right-hand side is a WCI in P(1x0 , 1x1 , 2y, 4z, 6u, 7v) and
Jϕ =
 0 0 2y 1 0 0 ∗∂a9
∂x0
+ ∗ ∂a9∂x1 + ∗ v −a1(2z + a1) 0 y b10 − a4a6 + ∗∗ ∗ b4 + ∗ −y 1 0 −v + b7 + ∗
 ,
where ∗ means a polynomial that is contained in the ideal (y, z). By an explicit
computation, we see that Jψ is of rank 2 outside the set
Σ :=
(
y = z = u = v = a9 =
∂a9
∂x0
=
∂a9
∂x1
= b10 − a4b6 = 0
)
⊂ P(1, 1, 2, 4, 6, 7).
We show that the system of equations
a9 =
∂a9
∂x0
=
∂a9
∂x1
= b10 − a4a6 = 0
does not have a non-trivial solution, which will imply Σ = ∅. We assume that it
has a non-trivial solution (x0, x1) = (α0, α1). Set αi = ai(α0, α1) for i = 4, 6, 9 and
β10 = b10(α0, α1). Let X ∈ G33 be the birational counterpart of X ′, which is defined
by
F1 = ty + sz + (zya1 + za4 + y
3 + y2a3 + ya6 + a9) = 0,
F2 = ts− (z2 + zyb2 + zb5 + y2b4 + yb7 + b10) = 0,
in P(1x0 , 1x1 , 3y, 5z, 4s, 6t). Set q = (α0 :α1 : 0 : 0 :−α4 :−α6). We have q ∈ X since
β10−α4α6 = α9 = 0. It is easy to verify that every partial derivative of F1 vanishes
at q, which implies that X is not quasismooth. This is a contradiction.
It follows that Σ = ∅ and thus Y ′ has only cyclic quotient singular points. It
is then easy to see that Y ′ has singular points of type 12(1, 1, 1) and
1
7(1, 1, 6) at
(0 : 0 : 1 :−1 :−1 : 0) and (0 : 0 : 0 : 0 : 0 : 1), respectively. It follows that Y ′ has only
terminal singularities and thus ϕ is a divisorial extraction. 
We see that ϕ = ϕ(2,7) is a divisorial extraction which is a (2, 7)-blowup. Before
going to the construction of birational involutions, we construct (7, 2)-blowup by
taking the composite of (2, 7)-blowup and an automorphism of X ′.
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Definition 6.4. Let X ′ be a member of G′33 with defining polynomial F ′ = w2yz+
w(zh4 + h9) + z
2 + zh5 + h10, where hj ∈ C[x0, x1, y]. We define µ to be the
automorphism of X ′ defined by the replacement z 7→ −z − w2y − wh4 − h5.
We see that µ(p) = p and the composite µ ◦ ϕ(2,7) is the (7, 2)-blowup.
We return to the case of (2, 7)-blowup ϕ = ϕ(2,7). Let ψ : W → Y ′ be the
Kawamata blowup of Y ′ at the 17(1, 1, 6) point lying on E and let F ∼= P(1, 1, 6)
be its exceptional divisor. For λ, µ ∈ C, we set Sλ := (x1 − λx0 = 0)X′ and
Tµ := (u− µx60 = 0)X′ . We see that Sλ is normal for a general λ ∈ C and we define
Cλ,µ to be the scheme-theoretic intersection Sλ∩Tµ. LetM be the linear system on
X ′ generated by x60, x50x1, . . . , x61 and u, and letMW be its proper transform on W .
We see thatMW ⊂ |−6KW | (in fact, equality holds) is base point free. Let η : W →
P(1, 1, 6) be the morphism defined byMW , which resolves the indeterminacy of the
projection pi : X ′ 99K P(1x0 , 1x1 , 6u). For a curve of a divisor ∆ on X ′ or Y ′, we
denote by ∆ˆ the proper transform of ∆ on W . Note that Cˆλ,µ is the fiber of η over
the point (1 :λ :µ).
Lemma 6.5. We have
(Eˆ · Cˆλ,µ) = 3, (F · Cˆλ,µ) = 1, (−KW · Cˆλ,µ) = 0.
Proof. Since KY ′ = ϕ
∗KX′ + E and KW = ψ∗KY ′ + 17F , we have
(−K3Y ′) = (−K3X′)− (E3) =
2
3
− 9
14
=
1
42
,
(−K3W ′) = (−K3Y ′)−
1
73
(F 3) =
1
42
− 1
42
= 0.
Since S˜λ ∼Q −KY ′ , T˜µ ∼Q −6KY ′ and T˜µ|S˜λ = C˜λ,µ, we have
(−KY ′ · C˜λ,µ) = (−KY ′ · T˜µ · S˜λ) = 6(−KY ′)3 = 1
7
,
which implies
(E · C˜λ,µ) = (−KX′ · C˜λ,µ)− (−KY ′ · Cλ,µ) = 4− 1
7
=
27
7
.
Similarly, since Sˆλ ∼Q −KW , Tˆµ ∼Q −6KW and Tˆµ|Sˆλ , we have
(−KW · Cˆλ,µ) = (−KW · Tˆµ · Sˆλ) = 6(−KW )3 = 0,
which implies
(F · Cˆλ,µ) = 7((−KY ′ · C˜λ,µ)− (−KW · Cˆλ,µ)) = 1.
Finally, we have ψ∗E = Eˆ + 67F and by taking the intersection number with Cˆλ,µ,
we have (Eˆ · Cˆλ,µ) = 3. 
Lemma 6.6. Suppose that, for a general λ ∈ C, there is µ ∈ C (depending on λ)
such that Cλ,µ is reducible. Then, ϕ is not a maximal extraction.
Proof. Assume that C = Cλ,µ is reducible. Then, there is a unique component
C◦ of C such that (G · Cˆ◦) = 1. Let C ′ be any component of C other than C◦.
Then Cˆ ′ is disjoint from G and we have (−KW ′ · Cˆ ′) = 0 since −KW ′ is nef and
(−KW ′ · Cˆ) = 0. It follows that (−KY ′ · C˜ ′) = (−KW · Cˆ ′) + 17(F · Cˆ ′) = 0. We have
(E · C˜ ′) = (KY ′ · C˜ ′) + (−KX′ · C ′) > 0. This shows that there are infinitely many
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curves on Y ′ which intersect −KW ′ non-positively and E positively. By [13, Lemma
2.19], ϕ′ is not a maximal singularity. 
Theorem 6.7. Let X ′ be a member of G′33 and let ϕ : Y ′ → X ′ be a (2, 7)- or a
(7, 2)-blowup centered at p = p4. Then, either ϕ is not a maximal extraction, or
there is a birational involution of X ′ that is a Sarkisov link starting with ϕ.
Proof. We prove this for ϕ = ϕ(2,7). The proof for ϕ(7,2) follows by composing ϕ(2,7)
with the automorphism µ. The following argument is based on [3].
By Lemma 6.6, we may assume that, for a general λ ∈ C, Cλ,µ is irreducible
for every µ ∈ C. The morphism η : W → P(1, 1, 6) is an elliptic fibration and let
τW : W 99K W be the birational involution defined as the reflection of the generic
fiber with respect to the section F .
W
ψ

τW //
η

W
ψ

η

Y ′
ϕ

Y ′
ϕ

X ′ pi // P(1, 1, 6) X
′
pi
oo
We see that τW is an isomorphism in codimension 1 since KW is η-nef and it in-
duces birational involutions τY ′ : Y
′ 99K Y ′ and τ : X ′ 99K X ′. Note that τY ′ is an
isomorphism in codimension 1 since F is τW -invariant.
We will show that τ is not biregular. Assume to the contrary that τ is biregular.
We fix a general λ ∈ C so that Cλ,µ is irreducible for every µ ∈ C. The surface Sλ is
τ -invariant and τ induces a biregular involution τλ of Sλ, which induces a birational
involution τˆλ of Sˆλ. Note that τˆλ may not be biregular. Let S¯λ → Sˆλ be a composite
of suitable blowups such that the birational involution τ¯λ of S¯λ induced by τλ is
biregular. We denote by σ : S¯λ → Sλ the composite of S¯λ → Sˆλ and ϕ|Sˆλ : Sˆλ → Sλ
and by p¯iλ : S¯λ → P1 the composite of σ and piλ = pi|Sλ : Sλ 99K P(1, 6) ∼= P1. Let E¯λ
and F¯λ be the proper transforms of Eˆ|Sˆλ and F |Sˆλ on S¯λ, respectively, which are the
prime σ-exceptional divisors that are not contracted by p¯iλ. Denote by G1, . . . , Gr
the other prime σ-exceptional divisors.
Let C¯λ ⊂ S¯λ be the proper transform of a general fiber Cλ of piλ. Since τ¯λ|C¯λ is the
reflection with respect to the point F¯λ ∩ C¯λ and E¯λ is τ¯λ-invariant, (E¯λ− 3F¯λ)|C¯λ ∈
Pic0(C¯λ) is a 2-torsion. In particular, E¯λ− 3F¯λ is numerically equivalent to a linear
combination of p¯iλ-vertical divisors.
On the other hand, we have (x0 = 0)|Sλ = Γ, where
Γ = (x0 = x1 = w
2yz + wy3 + z2 = 0)
is an irreducible and reduced curve. We see that Γ and {Cλ,µ | µ ∈ C} are all the
fibers of piλ. Since Cλ,µ is irreducible for every µ ∈ C and all the fibers of p¯iλ are
numerically equivalent to each other, we have
E¯λ − 3F¯λ ∼Q γΓ¯ +
r∑
i=1
ciGi,
for some γ, c1, . . . , cr ∈ C, where Γ¯ is the proper transform of Γ. We see that γ 6= 0
since the curves E¯λ, F¯λ, G1, . . . , Gr are σ-exceptional and their intersection form is
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negative-definite. This shows Γ ∼Q 0, which is a contradiction since (A · Γ) 6= 0.
Therefore, τ : X ′ 99K X ′ is not biregular and, by [13, Lemma 2.24], τ is a Sarkisov
link starting with ϕ. 
Remark 6.8. It is straightforward to see that −KY ′ is nef and τY ′ : Y ′ 99K Y ′ is a
flop. The anticanonical model Z of Y ′ is a (non-Q-factorial) Fano 3-fold with degree
1/42. By looking at the Fletcher’s list [7], it is quite likely that Z is a weighted
hypersurface Z = Z42 ⊂ P(1, 1, 6, 14, 21) of degree 42. If one can find sections
of degree 14 and 21 on X ′ that lift to plurianticanonical sections on Y ′, then we
can construct Z explicitly as in the argument of the previous subsection, and the
existence of flop will follow from this.
7. Exclusion of nonsingular points
The aim of this section is to exclude nonsingular points as maximal center. Let
X ′ be a member of G′i with i ∈ I∗cA/n ∪ IcD/3.
Definition 7.1 ([5, Definition 5.2.4]). Let p ∈ X ′ be a point. We say that a Weil
divisor class L on X ′ isolates p if p is an isolated component of the linear system
Lsp := |Ip(sL)|
for some integer s > 0.
Lemma 7.2 ([5]). Let p ∈ X ′ be a nonsingular point. If lA isolates p for some
0 < l ≤ 4/(A3), then p is not a maximal center.
Proof. See [5, Proof of (A)]. 
Let P(a0, . . . , a4) be the ambient WPS of X ′. For j,m = 0, . . . , 4 with j 6= m, we
define
a˜j := max
0≤k≤4,k 6=j
lcm(aj , ak), a˜j;m := max
0≤k≤4,k 6=j,m
lcm{aj , ak}.
For m = 0, . . . , 4, we denote by pim the restriction of the projection from pm to X
′
and by Exc(pim) ⊂ X ′ the locus contracted by pim.
Proposition 7.3 ([13, Proposition 5.1]). Let p = (ξ0 : · · · :ξ4) be a nonsingular point
of X ′. Then, the following assertions hold.
(1) If ξj 6= 0 then a˜jA isolates p.
(2) If ξj 6= 0 and p /∈ Exc(pim) for some m 6= j, then a˜j;mA isolates p.
Theorem 7.4. Let X ′ be a member of G′i with i ∈ I∗cA ∪ IcA/n ∪ IcD/3. Then no
nonsingular point of X ′ is a maximal center.
Proof. Let P(a0, . . . , a4) be the ambient WPS of X ′ as above and let F ′ be the
defining polynomial of X ′. Suppose i ∈ {7, 10, 18, 21, 22, 36, 38, 44, 52, 57, 62, 63}.
Then the inequality
a˜ := max
0≤k<l≤4
lcm(aj , ak) ≤ 4/(A3)
holds. Note that a˜j ≤ a˜ ≤ 4/(A3) for any j. Thus Lemma 7.2 and Proposition 7.3
imply that no nonsingular point is a maximal center.
Suppose that i ∈ {26, 28, 33, 48, 61}. Then, there is 0 ≤ m ≤ 4 such that xem ∈ F ′
for some e > 0 and the inequality
bm := max
0≤k<l≤4,k,l 6=m
lcm(ak, al) ≤ 4/(A3)
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holds. The assertion xem ∈ F ′ implies Exc(pim) = ∅ and we have a˜j;m ≤ bm for any
j 6= m. Thus Lemma 7.2 and Proposition 7.3 imply that non nonsingular point is a
maximal center.
Let X ′ = X ′7 ⊂ P(1, 1, 2, 3, 1) be a member of G′16 and let p = (ξ0 :ξ1 :υ :ζ :ω) ∈ X ′
be a nonsingular point. By the generality condition, y2z ∈ F ′. This implies that
(x0 = x1 = w = 0)X′ consists of singular points and hence p is contained in one of
the open subsets (x0 6= 0), (x1 6= 0) and (w 6= 0). By Proposition 7.3, 3A isolates p
and thus p is not a maximal center since 3 < 4/(A3) = 24/7.
Finally, let X ′ = X ′5 ⊂ P(1, 1, 1, 2, 1) be a member of G′6 and p = (ξ0 :ξ1 :ξ2 :υ :ω)
a nonsingular point of X. If p /∈ Exc(pi3), then A isolates p by Proposition 7.3.
It follows that p 6∈ Exc(pi3) is not a maximal center since 4/(A3) = 8/5 > 1. If
p ∈ Exc(pi3), then the proof [5, Proof of (B) in Section 5.3] works for our case and
we have that p is not a maximal center in this case. 
8. Exclusion of quotient singular points
Throughout this section, let p be a terminal quotient singular point of X ′ ∈ G′i
with empty third column in the big table. The aim of this section is to exclude p
as a maximal center. We denote by ϕ′ : Y ′ → X ′ the Kawamata blow up at p with
the exceptional divisor E and put B = −KY ′ as usual. For a divisor or a curve ∆
on X ′, we denote by ∆˜ the proper transform of ∆ on Y ′.
We first treat the points such that a set of polynomials and a divisor of the form
bB+ eE are given in the second column of the table. We note that (B3) ≤ 0 in this
case. Let Λ be the set of polynomials in the second column. A coordinate with a
prime means that it is the tangent coordinate of X ′ at p. For example, let X ′ =
X ′9 ⊂ P(1, 1, 2, 3, 3) be a member of G′21 and p the point of type 12(1, 1, 1). We see
that y3 ∈ f6 in the defining polynomial w2x0y+wf6 + g9 because otherwise X ′ does
not contain a singular point of type 12(1, 1, 1). Then we have w
′ = w+(other terms).
Lemma 8.1. Let X ′ be a member of G′i and p ∈ X ′ a terminal quotient singular
point marked a set of polynomials together with a divisor of the form N := bB + eE
in the third column of the big table. Then, the divisor N is nef and (N · B2) ≤ 0.
In particular, p is not a maximal center.
Proof. Let Λ = {h1, . . . , hl} be the set of polynomials in the second table. It is
straightforward to see that (h1 = · · · = hl)X′ is a finite set of points including p and
we omit the proof (see Example 8.2). Suppose that hj vanishes along E to order
cj/r, where r is the index of p, and set bj = deg hj . Then the proper transform of
(hj = 0)X′ on Y
′ defines the divisor Nj ∼Q bjB + ejE, where ej = (bj − cj)/r ≥ 0.
Let k be an index such that
ek/bk = max
1≤j≤l
{ej/bj}.
Then Nk is the divisor N = bB+eE given in the second column and we observe that
the inequality b > re holds. By [13, Lemma 6.6], N = Nk is nef. The verification
of (N · B2) ≤ 0 is straightforward. Therefore, by [13, Corollary 2.16], p is not a
maximal center. 
Example 8.2. Let X ′ = X ′15 ⊂ P(1, 2, 3, 5, 5) be a member of G′57 with defining
polynomial F ′ = w2zt + wf12 + g14 and p a point of type 12(1, 1, 1). Note that if
y6 /∈ f12, then there is no 12(1, 1, 1) point on X ′. We assume y6 ∈ f6. After replacing
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w, we may assume that there is no monomial in divisible by y6 in g14. In this setting,
we have w′ = w. Since we have F ′(0, y, 0, t, 0) = αt2 for some α 6= 0, we see that
(x = z = w = 0)X′ = {p}.
Since we can choose x, z, t as local orbifold coordinates of X ′ at p, they vanish
along E to order 1/2. It is clear that w vanishes along E to order at least 2/2 since
(w = 0)X′ is Cartier along p. Thus, the proper transforms of (x = 0)X′ , (z = 0)X′
and (w = 0)X′ defines divisors B, 3B + E and 2B, respectively. It follows that
N = 3B + E and the inequality b > re holds since b = 3, e = 1 and r = 2. Finally,
we have
(B2 · 3B + E) = 3(A3)− 1
23
(E3) =
1
10
− 1
2
< 0.
This completes all the computations for X ′ ∈ G′57 required in the proof of Lemma
8.1.
Lemma 8.3. Let X ′ = X ′9 ⊂ P(1, 1, 2, 3, 3) be a member of G′21. Then the singular
point p = p2 of type
1
2(1, 1, 1) is not a maximal center.
Proof. The defining polynomial of X ′ is of the form F ′ = w2x0y + wf6 + g9. Since
z2 ∈ f6, we may assume that z3 /∈ g9 and the coefficient of z2 in f6 is 1 after
replacing w with w + ηz for a suitable η ∈ C and then re-scaling z. We write
f6(0, 0, y, z) = z
2 + αy3 and g9(0, 0, y, z) = βzy
3 for some α, β ∈ C. Note that
neither α nor β is zero by the generality condition.
We see that x0 and x1 vanish along E to order 1/2. Let S, T be general members
of the pencil |A|. Then S˜ ∩ T˜ is the proper transform of the curve
(x0 = x1 = 0)X′ = (x0 = x1 = w(z
2 + αy3) + βzy3 = 0),
which is irreducible and reduced since α 6= 0 and β 6= 0. Thus, by [13, Lemma 2.17],
S˜ ∩ T˜ is not a maximal center since S˜, T˜ ∼Q B and (B · S˜ · T˜ ) = (B3) = 0. 
Lemma 8.4. Let X ′ = X ′12 ⊂ P(1, 2, 3, 5, 2) be a member of G′44. Then a singular
point p ∈ X ′ of type 12(1, 1, 1) is not a maximal center.
Proof. The defining polynomial of X ′ is of the form F ′ = w2zt+wf10 +g12. We may
assume y5 ∈ f10 because otherwise X ′ does not contain a point of type 12(1, 1, 1).
After replacing w, we may assume that there is no monomial divisible by y5 in g12.
We may moreover assume that the coefficient of z4 in g12 is 1 after re-scaling z. Let
α, β and γ be the coefficients of y3z2, y2zt and yt2 in F ′, respectively. We see that
x, z, t vanish along E to order 1/2. By looking at the defining equation, the section
w vanishes along E to order 2/2. We define S := (x = 0)X′ and T := (w+δx
2 = 0)X′
for a general δ ∈ C. Then S˜ ∼Q B and T˜ ∼Q 2B. We have
S ∩ T = (x = w = 0)X′ = (x = w = αy3z2 + βy2zt+ γyt2 + z4 = 0).
If S˜ ∩ T˜ is irreducible (possibly non-reduced), then, by [13, Lemma 2.17], p is not a
maximal center since (B · S˜ · T˜ ) = 2(B3) < 0.
We continue the proof assuming that S˜ ∩ T˜ is reducible, which is equivalent to
the condition γ = 0 and (α, β) 6= (0, 0). Assume first γ = 0 and β 6= 0. Then
S|T = Γ + ∆, where Γ = (x = w = z = 0) and ∆ = (x = w = αy3z+βy2t+ z3 = 0).
We have (E · Γ˜) = 1 so that
(B · Γ˜) = (A · Γ)− 1
2
(E · Γ˜) = 1
10
− 1
2
= −2
5
.
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Since S˜ ∼Q B, T˜ ∼Q 2B and S˜|T˜ = Γ˜ + ∆˜, we compute
−2
5
= (S˜|T˜ · Γ˜)T˜ = (Γ˜2)T˜ + (Γ˜ · ∆˜)T˜
and
−3
5
= 2(B3) = (S˜|2
T˜
)T˜ = (Γ˜)
2
T˜
+ 2(Γ˜ · ∆˜)T˜ + (∆˜2)T˜ .
Set m := (Γ˜ · ∆˜)T˜ > 0. By the above displayed equations, the intersection matrix(
(Γ˜2) (Γ˜ · ∆˜)
(Γ˜ · ∆˜) (∆˜2)
)
=
(−2/5−m m
m −1/5−m
)
is negative-definite. Thus, by [13, Lemma 2.18], p is not a maximal center.
Assume γ = β = 0. Note that α 6= 0 in this case. Filtering off terms divisible by
y3, we write F = y3G+H. We set Gλ = G(x, y, z, t, λx
2) and Hλ = H(x, y, z, t, λx
2).
Note that the coefficients of z2 and z4 in G and H are α 6= 0 and 1, respectively, and
let ε be the coefficient of tz2x in H. By eliminating z2 in Hλ in terms of Gλ = 0,
we have
(w − λx2 = Gλ = Hλ = 0) = (w − λx2 = Gλ = x2Pλ = 0) ⊂ X ′,
where Pλ ∈ C[x, y, z, t]. We set Cλ := (w − λx2 = Gλ = Pλ = 0). We see that C˜λ
intersect E ∼= P2 at 4 points so that (E · C˜λ) = 4. Hence, we have
(−KY ′ · C˜λ) = (= KX · Cλ)− 1
2
(E · C˜λ) = 0.
If C˜λ is reducible, then there is a component of C˜λ which intersects −KY ′ non-
positively and E positively since there is at least one component that intersects E,
and since a component of Cλ that is disjoint from E intersects −KY ′ positively.
It follows that there are infinitely many irreducible curves on Y ′ which intersects
−KY ′ non-positively and E positively. By [13, Lemma 2.19], p is not a maximal
center. 
Lemma 8.5. Let X ′ = X ′15 ⊂ P(1, 3, 4, 5, 3) be a member of G′62 or G′63. Then a
singular point p ∈ X ′ of type 13(1, 1, 2) is not a maximal center.
Proof. If X ′ ∈ G′62 (resp. G′63), then the defining polynomial of X ′ is of the form
F ′ = w3y2 + w2yf6 + wf12 + g15 (resp. F ′ = w2zt + wf12 + g15). If X ′ ∈ G′63, then
we may assume y4 ∈ f12 because otherwise X ′ does not contain a point of type
1
3(1, 1, 2). After replacing w, we may assume that there is no monomial divisible by
y4 in g15. Let α, β and γ be the coefficients of y
2zt, yz3 and t3 in F ′, respectively.
By quasismoothness of X ′, we have γ 6= 0. We see that x, z, t vanish along E to
order 1/3, 1/3 and 2/3, respectively. By looking at the defining equation F ′ = 0,
we see that w vanishes along E to order 3/3. We define S = (x = 0)X′ and
T = (w + δx3 = 0)X′ for a general δ ∈ C. Then S˜ ∼Q B and T˜ ∼Q 3B. We have
S ∩ T = (x = w = 0)X′ = (x = w = αy2zt+ βyz3 + γt3 = 0).
If S˜ ∩ T˜ is irreducible (possibly non-reduced), then, by [13, Lemma 2.17], p is not a
maximal center since (B · S˜ · T˜ ) = 3(B3) < 0.
We assume that S ∩ T is reducible, which is equivalent to the condition β = 0
and α 6= 0. We define Γ := (x = w = z = 0) and ∆ := (x = w = αy2z + γt2 = 0)
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so that S|T = Γ + ∆. Note that we have S˜|T˜ = Γ˜ + ∆˜. We see that Γ˜ intersects E
transversally at a single nonsingular point so that (E · Γ˜) = 1. Hence,
(B · Γ˜) = (A · Γ)− 1
3
(E · Γ˜) = −1
4
.
Now we compute
−1
4
= (S˜|T˜ · Γ˜)T˜ = (Γ˜2)T˜ + (Γ˜ · ∆˜)T˜ ,
and
−1
4
= 3(B3) = (B|T )2T˜ = (Γ˜ + ∆˜)2T˜ = (Γ˜2)T˜ + 2(Γ˜ · ∆˜)T˜ + (∆˜2)T˜ .
Set m := (Γ˜ · ∆˜) > 0. By the above displayed equations, we see that the intersection
matrix (
(Γ˜2) (Γ˜ · ∆˜)
(Γ˜ · ∆˜) (∆˜2)
)
=
(−14 −m m
m −m
)
is negative-definite. Therefore, by Lemma [13, Lemma 2.18], p is not a maximal
center. 
Lemma 8.6. Let X ′ = X ′10 ⊂ P(1, 1, 3, 5, 1) be a member of G′33. Then, a singular
point p of type 13(1, 1, 2) is not a maximal center.
Proof. The defining polynomial of X ′ is of the form w2yz+wf9 +g10. Since y3 ∈ f9,
we may assume that there is no monomial divisible by y3 in g10 after replacing w.
We see that x0, x1, z, w vanish along E to oder respectively 1/3, 1/3, 2/3, 4/3. We
set S := (w = 0)X′ and T := (x0 = 0)X′ . Then S˜ ∼Q B − E and T˜ ∼Q B. We have
S ∩ T = (x0 = w = 0)X′ = (x0 = w = g10(0, x1, y, z) = 0).
Note that z2 ∈ g10. It follows that if S ∩ T is reducible, then it is the union of
two curves Γ1 and Γ2, where Γi := (x0 = w = αiz + βiyx
2
1 + γix
5
1 = 0) for some
αi 6= 0, βi, γi ∈ C for i = 1, 2. We have S˜∩T˜ = Γ˜1+Γ˜2. We see that Γ˜1 is numerically
equivalent to Γ˜2 since (ϕ
∗A · Γ˜1) = (ϕ∗A · Γ˜2) = 1/3 and (E · Γ˜1) = (E · Γ˜2) = 1.
Thus the support of Γ˜ := S˜ ∩ T˜ is either irreducible or it is the union of two curves
which are numerically equivalent to each other. We have
(T˜ · Γ˜) = (T˜ 2 · S˜) = (A3)− 4
33
(E3) =
2
3
− 2
3
= 0.
By [13, Lemma 2.17], p is not a maximal center. 
The following is the conclusion of this section.
Theorem 8.7. Let X ′ be a member of G′i with i ∈ I∗cA/n ∪ IcD/3. Then, no terminal
quotient singular point with empty third column in the big table is a maximal center.
Proof. This follows from Lemmas 8.1, 8.3, 8.4, 8.5 and 8.6. 
9. Exclusion of divisorial extractions centered at cA/n points
Let X ′ be a member of G′i with i ∈ I∗cA/n and p = p4 ∈ X ′ the cA/n point. The
aim of this section is to show that no divisorial extraction ϕ′ : Y ′ → X ′ centered at
p with (−K3Y ′) ≤ 0 is a maximal extraction.
Let ϕ′ : Y ′ → X ′ be a divisorial extraction centered at p such that (B3) ≤ 0, where
B := −KY ′ . Such an extraction is the one marked “none” in the big table. Suppose
i ∈ {16, 22, 26, 33, 48}. We define S := (x0 = 0)X′ and T := (x1 = 0)X′ if i ∈
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Table 5. Defining equation of Γ
No. Equations Conditions
16 w2yz + w(αy3 + βz2) + γy2z = 0 α, β, γ 6= 0
22 w2yz + αy4 + βy2z + z2 α 6= 0
26 w2yz + αwz2 + z3 = 0 α 6= 0
33 w2yz + αwy3 + z2 = 0 α 6= 0
44 w2zt+ αwt2 + y3 = 0 α 6= 0
48 w2yz + y3 + z2 = 0
57 w2zt+ αwz4 + t2 = 0 α 6= 0
63 w2zt+ αwz3 + t3 = 0 α 6= 0
{16, 22, 26, 33, 48}, and define S := (x = 0)X′ and T := (y = 0)X′ if i ∈ {44, 57, 63}.
We set m = 1 if i ∈ {16, 22, 26, 33, 48}, and m = deg y if i ∈ {44, 57, 63}. We have
S ∼Q A and T ∼Q mA. For a divisor or a curve ∆ on X ′, we denote by ∆˜ the
proper transform of ∆ on Y ′.
Lemma 9.1. The scheme-theoretic intersection Γ := S ∩ T is an irreducible and
reduced curve. Moreover, we have S˜ ∼Q B, T˜ ∼Q mB and S˜ ∩ T˜ = Γ˜.
Proof. If i ∈ {16, 22, 26, 33, 48} (resp. i ∈ {44, 57, 63}), then (x0 = x1 = 0) (resp.
(x = y = 0)) is a weighted projective plane, which we denote by P, and Γ is
isomorphic to the hypersurface in P defined by the equation given in Table 9. The
conditions on α, β, γ in the table are satisfied by the generality condition imposed on
the family G′i. Thus, by a straightforward argument, Γ is irreducible and reduced.
We see that x0 and x1 (resp. x and y) vanish along E to order 1/n and 1/n (resp.
1/n and m/n). This implies S˜ ∼Q B and T˜ ∼Q mB. Moreover, S˜∩ T˜ ∩E consists of
two points and, in particular, does not contain a curve. This shows S˜ ∩ T˜ = Γ˜. 
Theorem 9.2. Let X ′ be a member of G′i with i ∈ I∗cA ∪ IcA/n and p = p4 ∈ X ′ the
cA or cA/n point. Then no extremal extraction ϕ′ : Y ′ → X ′ with (−KY ′)3 ≤ 0 is a
maximal center.
Proof. By Lemma 9.1, we have S˜ ∼Q B, T˜ ∼Q mB and S˜ ∩ T˜ = Γ˜ is an irreducible
and reduced curve. It follows that
(T˜ · Γ˜) = (T˜ · S˜ · T˜ ) = m2(B3) ≤ 0.
Therefore, by [13, Lemma 2.17], ϕ′ is not a maximal extraction. 
10. Exclusion of curves
10.1. Exclusion of most of the curves. We can exclude most of the curves as
follows.
Lemma 10.1. Let X ′ be a member of the family G′i and Γ ⊂ X ′ an irreducible and
reduced curve. Then, Γ is not a maximal center except possibly for the following
cases.
• No. 6 and deg Γ = 1, 2.
• No. 7 and deg Γ = 12 , 1.• No. 9, 10, 16 and deg Γ = 1.
• No. 18 and deg Γ = 12 .
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• No. 21 and deg Γ = 13 .
Here, in any of the above exceptions, Γ passes through the cA/n point p4 and does
not pass through any terminal quotient singular point.
Proof. We may assume that Γ does not pass through a terminal quotient singular
point since there is no divisorial extraction centered along a curve through such a
point (see [10]). We see n deg Γ = (nA · Γ) ∈ Z>0, where n is the index of the
singularity (X ′, p4). Thus, deg Γ ∈ 1nZ>0. By [5, Proof of Theorem 5.1.1], Γ is not
a maximal center if deg Γ ≥ (A3). By checking each family individually, a curve Γ
on X ′ such that deg Γ < (A3) is one of the curves listed in the statement. Finally,
let Γ be one of the curves in the statement. If Γ does not pass through p4, then
it is contained in the nonsingular locus of X ′. Then, the argument in Step 2 of [5,
Proof of Theorem 5.1.1] to our case, and as a result, we see that Γ is not a maximal
center. This completes the proof. 
In the rest of this section, we exclude the remaining curves by aplying the following
results.
Lemma 10.2. Let X be a Q-Fano 3-fold with Picard number 1 and Γ ⊂ X an
irreducible and reduced curve. Suppose that there is a movable linear system M on
X with the following properties.
(1) Γ is the unique base curve of M.
(2) A general member S ∈M is a normal surface.
(3) For a general S ∈M, (Γ2)S ≤ 0 and ((−KX)2 ·S)−2(−KX ·Γ)+(Γ2)S ≤ 0.
Then, Γ is not a maximal center.
Proof. Let H ∼Q −nKX be a movable linear system on X. It is enough to show
that multΓH ≤ 1. Let S ∈M be a general member so that it does not contain base
curves of H other than Γ. Then, we can write
(−KX)|S ∼Q 1
n
H|S = 1
n
L+ γΓ,
where L is a movable linear system on S and γ ≥ multΓH. Since L is nef, we have
0 ≤ 1
n2
(L2)S = ((−KX)|S − γΓ)2S = ((−KX)2 · S)− 2(−KX · Γ)γ + (Γ2)Sγ2.
The right-hand side of the above equation is a strictly decreasing function of γ for
γ ≥ 0 since (−KX · Γ) > 0 and (Γ2)S ≤ 0. Thus, the inequality ((−KX)2 · S) −
2(−KX · Γ) + (Γ2)S ≤ 0 implies γ ≤ 1. Therefore, multΓH ≤ γ ≤ 1 and Γ is not a
maximal center. 
Lemma 10.3 ([13, Lemma 2.10]). Let X be a Q-Fano 3-fold with Picard number
1 and Γ ⊂ X an irreducible and reduced curve. Suppose that there is an effective
divisor T on X containing Γ and a movable linear systemM on X whose base locus
contains Γ with the following properties.
(1) T ∼Q mA for some rational number m ≥ 1.
(2) For a general member S ∈M, S is a normal surface, the intersection S ∩T
is contained in the base locus of M set-theoretically and S ∩ T is reduced
along Γ.
(3) Let S ∈ M be a general member and let Γ1, . . . ,Γl be the irreducible and
reduced curves contained in the base locus of M. For each i = 1, . . . , l, there
Q-FANO WEIGHTED COMPLETE INTERSECTIONS, III 31
is an effective 1-cycle ∆i on S such that (Γ · ∆i)S ≥ (A · ∆i)S > 0 and
(Γj ·∆i)S ≥ 0 for j 6= i.
10.2. Computation of intersection numbers of on a surface. As we explained
in the previous subsection, the exclusion of curves is reduced to the computation of
intersection numbers on a surface. In this paper, the pullback of a Weil divisor and
the intersection number of two Weil divisors on a normal surface are those in the
sense of Mumford (see [11]). We explain ideas of the proof.
Let Γ ⊂ X ′ be an irreducible and reduced curve. We try to find a divisor T on
X ′ and a linear system M such that the assumptions of Lemma 10.3 hold. The
crucial part here is to conclude (Γ ·∆i) ≥ deg ∆i. Here, we use notation of Lemma
10.3. In most of the cases, we set ∆i = Γi and prove the inequality (Γ ·Γi) ≥ deg Γi.
In many cases, the computation of (Γ · Γi) will be done by counting the number of
intersection points Γ ∩ Γi along the nonsingular locus of a surface S ∈ M. To this
end, we need to know nonsingular locus of S.
Lemma 10.4. Let V be a weighted hypersurface in P(a0, . . . , a4) with defining poly-
nomial F and Γ = (x0 + f0 = x1 + f1 = x2 + f2 = 0) for some fi ∈ C[x0, . . . , x4].
Suppose that a0 ≤ a1. Let Λ ⊂ |OV (a1)| be the linear system generated by x1 + f1
and {(x0 + f0)
∏
xmii | mi ≥ 0,m0 + · · ·+m4 = a1− a0}, and let S ∈ Λ be a general
member. If V does not contain (x0 +f0 = x1 +f1 = 0) and (x0 +f0 = x1 +f1 = 0)V
is reduced along Γ, then S is quasismooth at any point of
Γ \NQsm(V ) ∪
(
Bs |OP(a1 − a0)| ∩
(
∂F
∂x0
= 0
))
,
where NQsm(V ) denotes the non-quasismooth locus of V .
Proof. After replacing x0, x1, x2, we may assume f0 = f1 = f2 = 0. Since Γ ⊂ V , we
have F = x0g0 + x1g1 + x2g2 for some gi ∈ C[x0, . . . , x4]. Note that S is cut out on
V by the section x0q+ λx1, where q is a general homogeneous polynomial of degree
a1 − a0 and λ ∈ C is general. We have
JS |Γ =
(
g0 g1 g2 0 0
q λ 0 0 0
)
.
We see that g2 is a non-zero polynomial and it does not vanish along Γ since (x0 =
x1 = 0) 6⊂ V and (x0 = x1 = 0)V is reduced along Γ. It follows that NQsm(S)
is contained in the finite set Γ ∩ (g2 = 0). Let p ∈ NQsm(S) \ NQsm(V ). Note
that either g0(p) 6= 0 or g1(p) 6= 0 since V is quasismooth at p and g2(p) = 0. If
p /∈ Bs |OP(a1 − a0)|, then q(p) 6= 0 for a general q and hence rank JS(p) = 2 for
a general λ. If (∂F∂x0)(p) = g0(p) 6= 0, then rank JS(p) = 2 for a general λ since
g1(p) 6= 0. This completes the proof. 
We encounter with the case where Γ ∩ Γi = {p4}, which makes the computation
of (Γ · Γi) difficult. When we apply Lemma 10.2, we need to obtain the inequality
in (3). In other words, we need to bound (Γ2)S from above. The computation of
(Γ2)S is not so straightforward since Γ passes through the cA/n point p4, In these
cases, the computation will be done by the following method.
Definition 10.5. Let (S, p) be a germ of a normal surface and Γ an irreducible
and reduced curve on S. Let Sˆ → S be the minimal resolution of (S, p) and denote
by E1, . . . , Em the prime exceptional divisors. We define G(S, p,Γ) to be the dual
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graph of E1, . . . , Em and the proper transform Γˆ of Γ on Sˆ: vertices of G(S, p,Γ)
corresponds to E1, . . . , Em and Γˆ, and two vertices corresponding to Ei and Ej (resp.
Ei and Γˆ) are joined by (Ei ·Ej)-ple edge (resp. (Ei · Γˆ)-ple edge). We call G(S, p,Γ)
the extended dual graph of (S, p,Γ).
In this paper, we only treat germs (S, p) of singularity of type An.
Definition 10.6. We say that G(S, p,Γ) is of type An,k if it is of the form
◦
E1
◦
E2
· · · ◦
Ek
• Γˆ
· · · ◦
En
.
Here, ◦ means that the corresponding exceptional divisor is a (−2)-curve. In other
words, G(S, p,Γ) is of type An,k if (S, p) is of type An, (Γˆ · Ei) = 0 for i 6= k and
(Γˆ · Ek) = 1.
Lemma 10.7. Let S be a normal projective surface and Γ a nonsingular rational
curve on S. Let p be a singular point of S and suppose that S is nonsingular along
Γ \ {p}. If G(S, p,Γ) is of type An,k, then
(Γ2)S = −2− (KS · Γ)S + k(n− k + 1)
n+ 1
.
Proof. Let ψ : Sˆ → S be the minimal resolution of S with prime exceptional divisors
E1, . . . , En. We denote by Γˆ the proper transform of Γ on Sˆ. We have ψ
∗Γ =
Γˆ + a1E1 + · · ·+ anEn for some rational numbers a1, . . . , an.
Suppose that G(S, p,Γ) is of type An,k. We have
0 = (ϕ∗Γ · Ei) = (Γˆ · Ei) + a1(E1 · Ei) + · · ·+ an(En · Ei)
=
{
ai−1 − 2ai + ai+1, if i 6= k,
1 + ak−1 − 2ak + ak+1, if i = k
Here, we define a0 = an+1 = 0. By ai−1 − 2ai + ai+1 = 0 for i 6= k, we have
ai = ia1 for i = 1, 2, . . . , k and an−i+1 = ian for i = 1, 2, . . . , n−k+ 1. In particular,
ak = ka1 = (n− k + 1)an, and thus an = kn−k+1a1. Now, by the equations
0 = (ϕ∗Γ · Ei) = 1 + ak−1 − 2ak + ak+1
= 1 + (k − 1)a1 − 2ka1 + k(n− k)
n− k + 1a1 = 1−
n+ 1
n− k + 1a1,
we have
a1 =
n− k + 1
n+ 1
, ak = ka1 =
k(n− k + 1)
n+ 1
.
The assertion follows from the combination of equations
(Γ2) = (Γˆ · ψ∗Γ) = (Γˆ2) + ak
and
(Γˆ2) = −2 + (KSˆ · Γˆ) = −2 + (KS · Γ).
This completes the proof. 
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In what follows, we sometimes consider a suitable weighted blowup ϕ : Y ′ → X ′,
which is a divisorial extraction. In this case, we always denote by E its exceptional
divisor and by ∆˜ the proper transform on Y ′ of a curve or a divisor ∆ ⊂ X ′.
Finally, we define suitable coordinate change.
Definition 10.8. Let X ′ ⊂ P(1, n, a2, a3, n) be a member of G′i with i ∈ I∗cA/n
defined by a standard defining polynomial F ′ = w2x2x3 + wf + g. An admissible
coordinate change of X ′ is a coordinates change that defines an automorphism θ of
P(1, n, a2, a3, n) such that θ∗F ′ = α(w2x2x3 + wf ′ + g′) for some non-zero α ∈ C
and f ′, g′ ∈ C[x0, . . . , x3].
A change of coordinates θ is admissible if and only if θ∗w = βw+(other terms) for
some non-zero β ∈ C, θ∗xj does not involve w for j = 0, 1, 2, 3 and θ∗(x2x3) = γx2x3
for some non-zero γ ∈ C.
10.3. Curves of degree 1 on X ′ ∈ G′6. Let X ′ = X ′5 ⊂ P(1, 1, 1, 2, 1) be a member
of G′6 with defining polynomial F ′ = w2x0y + wf4 + g5 and Γ an irreducible and
reduced curve of degree 1 on X ′ that passes through p4 but does not pass through
the other singular points.
We claim that Γ is a WCI curve of type (1, 1, 2). Indeed, the projection pi : X ′ 99K
P3 to the coordinates x0, x1, x2, w induces the finite morphism pi|Γ : Γ → pi(Γ). We
have 1 = deg Γ = deg(pi|Γ) deg pi(Γ). Hence pi|Γ is an isomorphism and pi(Γ) is a
line in P3. It follows that there are linear forms `1, `2 ∈ C[x0, x1, x2, w] such that
Γ ⊂ (`1 = `2 = 0)X′ . From this we see that Γ = (`1 = `2 = q = 0) for some
q ∈ C[x0, x1, x2, y, z, w] of degree 2.
Let S and T be general members of the pencil |IΓ(A)|.
Lemma 10.9. After an admissible coordinate change, we have T |S = Γ + ∆, where
the pair (Γ,∆) of curves on S is one of the following.
(1) Γ = (x1 = x2 = y + wx0 + βx
2
0 = 0) and ∆ = (x1 = x2 = wy + νx
3
0 = 0) for
some β, ν ∈ C.
(2) Γ = (x1 = x2 = y = 0) and ∆ = (x1 = x2 = w
2x0 + wy + λwx
2
0 + νx
3
0 = 0)
for some λ, µ ∈ C.
(3) Γ = (x0 = x1 = y + βx
2
2 = 0) and ∆ = (x0 = x1 = wy + λwx
2
2 + νx
3
2 = 0)
for some β, λ, ν ∈ C with ν 6= 0 and (β, λ) 6= (0, 0).
Proof. Since y2 ∈ f4, we may assume that the coefficient of y2 in f4 is 1 and that
there is no monomial divisible by y2 in g5 after replacing w.
Suppose Γ 6⊂ (x0 = 0). Then, after replacing x1, x2, we may assume Γ = (x1 =
x2 = y + αwx0 + βx
2
0 = 0) for some α, β ∈ C. We have
F¯ ′ := F ′(x0, 0, 0, y, w) = w2x0y + w(y2 + γyx20 + δx
4
0) + εyx
3
0 + ζx
5
0,
where γ, . . . , ζ ∈ C. Since Γ ⊂ X ′, we have
F¯ ′ = (y + αwx0 + βx20)(ηw
2x0 + θwy + λwx
2
0 + µyx0 + νx
3
0)
for some η, . . . , ν ∈ C. By comparing the coefficients of w3x20, w2x0y, w2x30, wy2 and
y2x0, we have
αη = 0, η + αθ = 1, αλ+ βη = 0, θ = 1, µ = 0.
If α 6= 0, then η = 0, α = θ = 1, λ = 0, µ = 0, and this case corresponds to (1). If
α = 0, then η = 1, β = 0, θ = 1, µ = 0, and this case corresponds to (2).
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Suppose Γ ⊂ (x0 = 0). Then, after replacing x1, x2, we may assume Γ = (x0 =
x1 = y + αwx2 + βx
2
2 = 0). We have
F¯ ′ := F ′(0, 0, x2, y, w) = w(y2 + γyx22 + δx
4
2) + εyx
3
2 + ζx
5
2,
where γ, . . . , ζ ∈ C. Since Γ ⊂ X ′, we have
F¯ ′ = (y + αwx2 + βx22)(θwy + λwx
2
2 + µyx2 + νx
3
2)
for some θ, . . . , ν ∈ C. By comparing the coefficients of w2x2y, w2x32, wy2 and y2x2,
we have
αθ = 0, αλ = 0, θ = 1, µ = 0,
and hence α = µ = 0, θ = 1. We claim that ν 6= 0 and (β, λ) 6= (0, 0). Suppose
ν = 0. Then, ε = ν = 0 and ζ = βν = 0. Since ε and ζ are the coefficients
of x32 and x
5
2 in b3 and b5, respectively, this implies that x0 = b3 = b5 = 0 has a
solution (x0, x1, x2) = (0, 0, 1). This is impossible by Condition 2.12. Thus, this case
corresponds to (3). Suppose (β, λ) = (0, 0). Then γ = β + λ = 0 and δ = βλ = 0,
which implies that x0 = a2 = a4 = 0 has a solution (x0, x1, x2) = (0, 0, 1). This is
again impossible by Condition 2.12. 
Note that S is nonsingular along Γ \ {p4} by Lemma 10.4.
Lemma 10.10. Let T |S = Γ+∆ be as in Lemma 10.9. Then the following assertions
hold.
(1) If ∆ is irreducible, then (Γ ·∆)S ≥ deg ∆.
(2) If ∆ is reducible, then it splits as ∆ = ∆1 +∆2, where ∆1,∆2 are irreducible
and reduced curves of degree respectively 1 and 1/2, respectively, such that
(Γ ·∆i)S ≥ deg ∆i for i = 1, 2.
In particular, Γ is not a maximal center.
Proof. Suppose that we are in case (1) of Lemma 10.9. We see that ∆ is clearly
reduced and it is irreducible if and only if ν 6= 0. If ∆ is irreducible, then it intersects
Γ at two nonsingular points so that (Γ ·∆)S ≥ 2 > deg ∆. If ∆ is reducible, then
∆ = ∆1 + ∆2, where ∆1 = (x1 = x2 = y = 0) and ∆2 = (x1 = x2 = w = 0). Both
∆1 and ∆2 intersect Γ at a nonsingular point so that (Γ · ∆i)S ≥ 1 ≥ deg ∆i for
i = 1, 2. The computation of intersection numbers in case (2) of Lemma 10.9 can
be done in the same way and we omit it.
Suppose that we are in case (3) of Lemma 10.9. Then ∆ is irreducible and
reduced since ν 6= 0. If λ 6= β, then ∆ intersects Γ at two points away from p4, so
that (Γ · ∆)S ≥ 2 > deg ∆. In the following, we assume λ = β. Note that β 6= 0
in this case since (β, λ) 6= (0, 0). In this case, p4 is the unique intersection point
of Γ and ∆ and we cannot compute (Γ · ∆)S directly. We will compute (Γ2)S by
determining the extended dual graph G(S, p4,Γ).
Let ϕ : Y ′ → X ′ be the weighted blowup of X ′ at p4 with weight wt(x0, x1, x2, y) =
(2, 1, 1, 2) and with exceptional divisor E. We define ψ := ϕ|S˜ : S˜ → S and set
Eψ = E|S˜ . We see that S is cut out on X ′ by the section
s := x0`0 + x1`1 + µ(y + βx
2
2),
where `1, `2 are general linear forms in x0, x1, x2, w and µ ∈ C is general. Note that
KS˜ = ψ
∗KS by adjunction since KY ′ = ϕ∗KX′ +E and s vanishes along E to order
1. Let ξi ∈ C be the coefficient of w in `i. Let G and H be the ϕ-weight = 4 and
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5 parts of F (x0, x1, x2, y, 1) = x0y + f4 + g5, respectively. We have G = x0y + f¯4.
Here, f¯4 = f4(0, x1, x2, y). Then, we have an isomorphism
Eψ ∼= (x0y + f¯4 = x1 = 0) ⊂ P(2x0 , 1x1 , 1x2 , 2y),
and
Jψ =
(
y ∂f¯4∂x1
∂f¯4
∂x2
∂f¯4
∂y H
0 ξ1 0 0 ξ0x0 + x1 ¯`1 + µ(y + βx
2
2)
)
.
Set
Σ :=
(
y =
∂f¯4
∂x2
=
∂f¯4
∂y
= 0
)
∩ Eψ =
(
x1 = y = f¯4 =
∂f¯4
∂x2
=
∂f¯4
∂y
= 0
)
.
We see that Σ = ∅ if and only if x42 ∈ f4. The latter holds true since
F (0, 0, x2, y, w) = (y + βx
2
2)(wy + βwx
2
2 + νx
3
2)
and β 6= 0. This shows that Jψ is of rank 2 at every point of Eψ and hence singular
points of S˜ consists of two points q1 = (1:0 :0 :0) and q2 = (1:0 :0 :−1) both of type
A1. Note that Γ˜ intersects Eψ at (0 :0 :1 :−β) 6= q1, q2. By considering the blowups
of S˜ at q1 and q2, we see that G(S, p4,Γ) is of type A3,2. Thus, by Lemma 10.7,
(Γ2)S = −2− deg Γ + 3
2
= −3
2
.
By taking the intersection number of Γ and T |S = Γ + ∆, we have
1 = (Γ · T |S)S = (Γ2)S + (Γ ·∆)S = −3
2
+ (Γ ·∆)S ,
and thus (Γ ·∆)S = 52 > deg ∆. This completes the proof. 
10.4. Curves of degree 2 on X ′ ∈ G′6. Let X ′ = X ′5 ⊂ P(1, 1, 1, 2, 1) be a member
of G′6 and Γ ⊂ X ′ an irreducible and reduced curve of degree 2 that passes through
p4 but does not pass through the other singular points. We see that Γ is a WCI
curve of type either (1, 1, 4) or (1, 2, 2).
Lemma 10.11. No curve of type (1, 1, 4) is a maximal center.
Proof. Let Γ ⊂ X ′ be a curve of type (1, 1, 4). We claim that Γ 6⊂ (x0 = 0). Indeed, if
Γ ⊂ (x0 = 0), then we may assume Γ = (x0 = x1 = h4 = 0) for some h4 ∈ C[x2, y, w]
after replacing x0, x1. We have
G := F (0, 0, x2, y, w) = w(y
2 + αyx22 + βx
4
2) + γyx
3
2 + δx
5
2
for some α, . . . , δ ∈ C. Since Γ ⊂ X ′, G is reducible, which is equivalent to the
condition γ = δ = 0. Then, we have h4 = y
2 + αyx22 + βx
4
2, which implies that Γ is
either reducible or non-reduced. This is a contradiction.
Thus, Γ 6⊂ (x0 = 0) and we may assume Γ = (x1 = x2 = h4 = 0) for some
h4 ∈ C[x0, y, w] after replacing x0, x1. Let S and T be general members of the pencil
|IΓ(A)| generated by x1, x2. By an explicit computation, we have h4 = y2 + ywx0 +
αyx20 +βx
4
0 for some α, β ∈ C and T |S = Γ+∆, where ∆ = (x1 = x2 = w+γx0 = 0)
for some γ ∈ C. Note that S is nonsingular along Γ \ {p4} by Lemma 10.4. We see
that Γ intersects ∆ at two nonsingular points so that (Γ ·∆) ≥ 2 > (A ·∆) = 1/2.
Therefore, Γ is not a maximal center. 
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In the following, we treat the case where Γ is of type (1, 2, 2). We write the
defining polynomial of X ′ as F ′ = w2x0y + w(y2 + ya2 + a4) + yb3 + b5, where
ai, bi ∈ C[x0, x1, x2]. For a polynomial h = h(x0, x1, x2), we set h¯ = h(0, x1, x2) and
h˜ = h(x0, x1, 0).
Lemma 10.12. Let Γ ⊂ X ′ be a curve of type (1, 2, 2) passing through p4. Then,
by an admissible change of coordinates, Γ is one of the following.
(1) (x0 = y − c2 = wx1 + d2 = 0) for some c2, d2 ∈ C[x1, x2] such that x1 - d2.
(2) (x2 = y−c2 = wx0 +d2 = 0) for some c2, d2 ∈ C[x0, x1] such that x0 - d2. In
this case, if a4(0, 1, 0) = 0, then either c2(1, 0) 6= 0 or a2(0, 1, 0) 6= d2(1, 0).
(3) (x2 = y−λwx0− c2 = wx1 + d2 = 0) for some λ ∈ C, c2, d2 ∈ C[x0, x1] such
that x1 - d2.
Proof. Suppose Γ ⊂ (x0 = 0). We will show that we are in case (1). We can write
Γ = (x0 = y−wc1− c2 = wd1 + d2 = 0) for some c1, c2, d1, d2 ∈ C[x1, x2]. Since Γ is
irreducible and reduced, we have d1 6= 0 and d2 is not divisible by d1. Hence, we may
assume d1 = x1 and x1 - d2. After replacing y−wc1−c2 with (y−wc1−c2)−η(wx1+
d2) for some η ∈ C, we may assume that either c1 = 0 or x1 - c1. Since Γ ⊂ X ′,
there exists h = h(x1, x2, w) such that F
′(0, x1, x2, wc1 + c2, w) = (wx1 + d2)h. We
have
F ′(0, x1, x2, wc1 + c2, w) = w3c21 + · · · ,
where · · · consists of low degree terms with respect to w. By writing h = w2e1 +
we2 + e3 for some ei ∈ C[x1, x2] and comparing terms divisible by w3, we have
w3c21 = w
3x1e1. This shows that c1 is divisible by x1 and thus c1 = 0. Thus we are
in case (1).
In the following, we assume Γ 6⊂ (x0 = 0). Then, we may assume Γ ⊂ (x2 = 0)
and Γ = (x2 = y − wc1 − c2 = wd1 + d2 = 0) for some c1, c2, d1, d2 ∈ C[x0, x1].
As in the above argument, we see that d1 6= 0, d1 - d2 and we may assume that
either c1 = 0 or d1 - c1. If d1 is not proportional to x0, then we may assume
d1 = x1 and thus we are in case (3). Suppose that d1 is proportional to x0. Then
we may assume d1 = x0. Since Γ ⊂ X ′, there exists h = h(x0, x1, w) such that
F ′(x0, x1, 0, wc1 + c2, w) = (wx0 + d2)h. We have
F ′(x0, x1, 0, wc1 + c2, w) = w3c1(x0 + c1) + w2(2c1c2 + c1a˜2 + x0c2)
+ w(c22 + a˜2c2 + a˜4 + c1b˜3) + b˜3c2 + b˜5.
By writing h = w2e1 +we2 +e3, where ei ∈ C[x0, x1], and comparing terms divisible
by w3, we have c1(x0 + c1) = x0e1. If c1 6= 0, then e1 | c1 since x0 - c1 by our
choice of c1. But then the equation c1(x0 + c1) = x0e1 implies x0 | c1. This is a
contradiction and we have c1 = e1 = 0. Thus we are in case (2). It remains to
show that if a4(0, 1, 0) = 0, then either c2(1, 0) 6= 0 or a2(0, 1, 0) 6= d2(1, 0). Since
c1 = e1 = 0, we have e2 = c2 and the equations
(11) c22 + a˜2c2 + a˜4 = x0e3 + d2c2 and b˜3c2 + b˜5 = d2e3.
Let α2, α3 and β5 be the coefficients of x
2
1, x0x
3
1 and x
5
1 in a˜2, a˜4 and b˜5, respectively.
Now we assume a4(0, 1, 0) = c2(1, 0) = a2(0, 1, 0) − d2(1, 0) = 0. This implies that
the coefficients of x21 in d2 is α2. Let ε be the coefficient of x
3
1 in e3. By comparing
the coefficients of x0x
3
1 in the first equation of (11), we have α2γ + α2 = ε + α2γ
since x1 | c2. By comparing the coefficients of x51 in the second equation in (11), we
have β5 = α2ε. This shows β5 = α2α3 and thus (x0, x1.x2) = (0, 1, 0) is a solution of
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x0 = a4 = b5 − a2∂a4/∂x0 = 0. This is impossible by Condition 2.12 and the proof
is completed. 
Let ϕ : Y ′ → X ′ be the weighted blowup of X ′ at p4 with wt(x0, x1, x2, y) =
(2, 1, 1, 2). Let S ∈ |IΓ(2A)| be a general member. We set ψ = ϕ|S˜ : S˜ → S
and Eψ = E|S˜ . Note that KS˜ = ψ∗KS . Let G and H be the ϕ-weight = 4
and = 5 parts of F ′(x0, x1, x2, y, 1), respectively. We write a2 = a¯2 + x0a1 and
a4 = a¯4 +x0a3, where a1, a3 ∈ C[x1, x2]. Then, we have G = x0y+y2 +ya¯2 + a¯4 and
H = yx0a¯1 +x0a¯3 + yb¯3 + b¯5. We see that E is isomorphic to (G = 0) ⊂ P(2, 1, 1, 2).
We compute (Γ2)S by determining the extended resolution graph of (S, p4,Γ).
Lemma 10.13. The type of the extended resolution graph G(S, p4,Γ) is one of A3,1,
A3,2 and A4,2. In particular, (Γ
2) ≤ −14/5 and Γ is not a maximal center.
Proof. It is easy to compute (Γ2)S onceG(S, p4,Γ) is determined. Indeed, ifG(S, p4,Γ)
is of type one of A3,1, A3,2 and A4,2, then, by Lemma 10.7, we have
(Γ2)S ≤ −2− deg Γ + 6
5
= −14
5
.
Thus
(A2 · S)− 2(A · Γ) + (Γ2)S ≤ 5− 4− 14
5
< 0,
and, by Lemma 10.2, Γ is not a maximal center. The rest is devoted to the deter-
mination of G(S, p4,Γ).
Suppose that we are in case (1) of Lemma 10.12. Then, the surface S is cut out
on X ′ by the section
s := x0(α0x0 + α1x1 + α2x2 + βw) + γ(y − c2) + δ(wx1 + d2),
where αi, β, γ, δ ∈ C are general, and we have an isomorphism
Eψ ∼= (x0y + y2 + ya¯2 + a¯4 = x1 = 0) ⊂ P(2x0 , 1x1 , 1x2 , 2y).
We have
Jψ =
(
∂G
∂x0
∂G
∂x1
∂G
∂x2
∂G
∂y H
0 δ 0 0 βx0 + γ(y − c2) + δd2
)
.
It is clear that Jψ is of rank 2 except possibly along
Σ :=
(
∂G
∂x0
=
∂G
∂x2
=
∂G
∂y
= 0
)
∩ Eψ =
(
x1 = y = a¯4 = x0 + a¯2 =
∂a¯4
∂x1
= 0
)
.
Note that Σ 6= ∅ if and only if x1 | a¯4, and that Σ = {q0}, where q0 = (−a¯2(0, 1) :0 :
1 :0), if Σ 6= ∅. We set q1 = (1:0 :0 :0) and q2 = (1:0 :0 :−1). Clearly q1 and q2 are
A1 points of S˜, and Γ˜ intersects Eψ at a single point (0 :0 :1 :c2(0, 1)) ∈ Eψ.
Assume that Eψ is irreducible. This is equivalent to the condition x1 - a¯4. Then
Σ = ∅ and Sing(S˜) = {q1, q2}. Moreover, Γ˜ does not pass through q1, q2. Hence, by
considering the blowup of S˜ at q1 and q2, we see that G(S, p4,Γ) is of type A3,2.
Assume that Eψ is reducible, that is, x1 | a¯4. We have Eψ = E1 + E2, where
E1 = (x1 = y = 0) and E2 = (x1 = x0 + y + a¯2 = 0). Note that q1 ∈ E1, q2 ∈ E2
and q0 is the intersection point E1 ∩ E2. Note also that x1 - a¯2 because otherwise
x0 = a2 = a4 = 0 has a solution (x0, x1, x2) = (0, 0, 1). This in particular implies
that Γ˜ does not pass through q0. We have
Jψ(q0) =
(
0 ∂G∂x0 (q0) 0 0 (−a¯2a¯3 + b¯5)(q0)
0 δ 0 0 (−βa¯2 − γc2 + δd2)(q0)
)
.
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If (−a¯2a¯3 + b¯5)(q0) = 0, then x0 = a4 = b5 − a3∂a4/∂x0 = 0 has a solution
(x0, x1, x2) = (0, 0, 1). This is impossible by Condition 2.12. Hence (−a¯2a¯3 +
b¯5)(q0) 6= 0 and this implies rank Jψ(q0) = 2 since δ is general. It follows Sing(S˜) =
{q1, q2}. By considering blowups of S˜ at q1 and q2, we see that G(S, p4,Γ) is of type
A4,2.
Suppose that we are in case (2) of Lemma 10.12. The surface S is cut out on X ′
by the section
s := x2(α0x0 + α1x1 + α2x2 + βw) + γ(y − c2) + δ(wx0 + d2),
where αi, β, γ, δ ∈ C are general, and we have an isomorphism
Eψ ∼= (x0y + y2 + ya¯2 + a¯4 = x2 = 0) ⊂ P(2x0 , 1x1 , 1x2 , 2y).
We have
Jψ =
(
∂G
∂x0
∂G
∂x1
∂G
∂x2
∂G
∂y H
0 0 β 0 x2(α1x1 + α2x2) + γ(y − c¯2) + δ(x0 + d¯2)
)
.
It is clear that Jψ is of rank 2 outside the set
Σ :=
(
∂G
∂x0
=
∂G
∂x1
=
∂G
∂y
= 0
)
∩ Eψ =
(
y =
∂a¯4
∂x1
= x0 + a¯2 = a¯4 = x2 = 0
)
.
Note that Σ 6= ∅ if and only if x2 | a¯4 and Σ = {q0}, where q0 = (−a¯2(1, 0) :1 :0 :0) ∈
P(2, 1, 1, 2), if Σ 6= ∅. Clearly q1 := (1 :0 : 0 : 0) and q2 := (1 :0 : 0 :−1) are A1 points
of S˜. Note also that Γ˜ intersects Eψ at a single point (−d2(1, 0) :1 :0 :c2(1, 0)).
Assume that Eψ is irreducible, which is equivalent to the condition x2 - a¯4. Then
Σ = ∅ and Sing(S˜) = {q1, q2}. Hence G(S, p4,Γ) is of type A3,2.
Assume that Eψ is reducible, that is, x2 | a¯4. Then Σ = {q} and Eψ = E1 + E2,
where E1 = (y = x2 = 0) and E2 = (x0 + y + a¯2 = x2 = 0). Note that q1 ∈ E1,
q2 ∈ E2 and E1 ∩ E2 = {q0}. Note also that Γ˜ does not pass through q0 since
either c2(1, 0) 6= 0 or a¯2(1, 0) = a2(0, 1, 0) 6= d2(1, 0) by Lemma 10.12. By the
same argument as in case (1), we see that H(q0) = (−a¯2a¯3 + b¯5)(q0) 6= 0, and hence
rank Jψ(q0) = 2 since β is general. It follows that Sing(p4) = {q1, q2} and G(S, p4,Γ)
is of type A4,2.
Suppose that we are in case (3) of Lemma 10.12. The surface S is cut out on X ′
by the section
s := x2(αx0 + α1x1 + α2x2 + βw) + γ(y − λwx0 − c2) + δ(wx1 + d2),
where αi, β, γ, δ ∈ C are general. We have an isomorphism
Eψ ∼= (x0y + y2 + ya¯2 + a¯4 = δx1 + βx2 = 0) ⊂ P(2x0 , 1x1 , 1x2 , 2y),
which is irreducible since a¯4 6= 0 and β, δ are general. We have
Jϕ =
(
∂G
∂x0
∂G
∂x1
∂G
∂x2
∂G
∂y H
0 δ β 0 x2(α1x1 + α2x2) + γ(y − λx0 − c¯2) + δd¯2
)
.
We see that(
∂G
∂x0
=
∂G
∂y
= 0
)
∩ Eψ = (y = x0 + a¯2 = a¯4 = δx1 + βx2 = 0) = ∅
for a general β, δ. This shows that Jϕ is of rank 2 at every point of Eϕ and thus S˜
has only two singular points q1 = (1 :0 : 0 : 0) and q2 = (1 :0 : 0 :−1) of type A1. We
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see that Γ˜ intersects Eϕ transversally at q1. Hence, by considering the blow-up of
S˜ at q1 and q2, we see that G(S, p,Γ) is of type A3,1. This completes the proof. 
10.5. Curves of degree 1/2 on X ′ ∈ G′7. Let X ′ = X ′6 ⊂ P(1, 1, 1, 2, 2) be a
member of G′7 with defining polynomial F ′ = w2x0x1 + wf4 + g6 and let Γ ⊂ X ′ be
an irreducible and reduced curve of degree 1/2 that passes through p4 but does not
pass through the other singular points. We see that Γ is a WCI curve of type (1, 1, 2)
and it is contained in either (x0 = 0) or (x1 = 0). By Condition 2.12, F
′ can be
written as F ′ = w2x0x1 +w(y2 + ya2 + a4) + yb4 + b5 for some ai, bi ∈ C[x0, x1, x2].
Let S, T be a general member of |IΓ(A)|.
Lemma 10.14. We have T |S = Γ + ∆, where ∆ is an irreducible and reduced curve
of degree 1. Moreover, one of the following hold.
(1) ∆ intersects Γ away from p4.
(2) After an admissible coordinates change, Γ = (x0 = x2 = y = 0) and ∆ =
(x0 = x2 = wy + ξx
4
0 = 0) for some nonzero ξ ∈ C.
Proof. Suppose Γ ⊂ (x0 = x1 = 0). Then, Γ = (x0 = x1 = y + γx22 = 0) for some
α ∈ C. We have
F¯ ′ := F (0, 0, x2, y, w) = w(y2 + α2yx22 + α4x
4
2) + β4yx
4
2 + β6x
6
2,
where αi and βi are the coefficients of x
i
2 in ai and bi, respectively. Since Γ ⊂ X ′,
we have
F¯ ′ = (y + γx22)(wy + δwx
2
2 + εx
4
2)
for some δ, ε ∈ C. By comparing the coefficients of each term of F¯ , we have α2 =
γ+δ, α4 = γδ, β4 = ε and β6 = γε. Note that ∆ = (x0 = x1 = wy+δwx
2
2+εx
4
2 = 0),
which is irreducible if and only if ε 6= 0. If ε = 0, then β4 = β6 = 0, which in
particular implies that x0 = b4 = b6 = 0 has a solution (x0, x1, x2) = (0, 0, 1). This
is impossible by Condition 2.12 and hence ε 6= 0. If γ = δ, then 4α4−α22 = 0, which
implies that x0 = x1 = 4a4 − a22 = 0 has a solution (x0, x1, x2) = (0, 0, 1). This is
again impossible. Hence γ 6= δ. It follows that ∆ intersects Γ at a point other than
p4 and we are in case (1).
Suppose Γ 6⊂ (x0 = x1 = 0). Then, since Γ is contained in either (x0 = 0) or
(x1 = 0), we may assume Γ = (x0 = x2 = y + γx
2
1 = 0) after possibly interchanging
x0 with x1 and replacing x2. As in the above argument, we have
F¯ ′ := F (0, x1, 0, y, w) = w(y2 + α2yx21 + α4x
4
1) + β4yx
4
1 + β6x
6
1,
where αi and βi are the coefficients of x
i
1 in ai and bi, respectively, and
F¯ ′ = (y + γx21)(wy + δwx
2
1 + εx
4
1)
for some δ, ε ∈ C. We see that ε 6= 0 because otherwise β4 = β6 = 0 and this
contradicts to Condition 2.12. It follows that ∆ = (x0 = x2 = wy+ δyx
2
1 + εx
4
1 = 0)
is irreducible and reduced. If γ 6= δ, then ∆ intersects Γ at a point other than p4
and we are in case (1). If β = γ, then, after replacing y + γx21 with y, we have
Γ = (x0 = x2 = y = 0) and ∆ = x0 = x2 = wy + εx
4
1 = 0), that is, we are in case
(2). This completes the proof. 
Note that S is nonsingular along Γ \ {p4}.
Lemma 10.15. Notation as in Lemma 10.14. Then, (Γ·∆)S ≥ deg ∆. In particular,
Γ is not a maximal center.
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Proof. If we are in case (1) of Lemma 10.14, then (Γ · ∆)S ≥ 1 > deg ∆. In the
following, we assume that we are in case (2). Let ϕ : Y ′ → X ′ be the weighted
blowup of X ′ at p4 with wt(x0, x1, x2, y) = 12(3, 1, 1, 2) with exceptional divisor
E. Let ψ = ϕ|S˜ : S˜ → S and set Eψ = E|S˜ . Note that a2, a4, b6 ∈ (x0, x2) and
b4 /∈ (x0, x2). We see that S is cut out on X ′ by the section s := λx0 + µx2, where
λ, µ ∈ C are general. We have
Eψ ∼= (x0x1 + y2 + ya¯2 + a¯4 = x2 = 0) ⊂ P(3x0 , 1x1 , 1x2 , 2y).
Since a¯i is divisible by x2, we have Eψ = (x0x1 + y
2 = x2 = 0). In particular, Eψ is
quasismooth in P(3, 1, 1, 2). This implies that rankJEψ = 2, and thus rank Jψ = 2, at
every point of Eψ. It follows that S˜ has a singular point of type A2 at q = (1:0 :0 :0)
and it is nonsingular along Eψ \ {q}. Note that Γ˜ intersects Eψ at (0 : 1 : 0 : 0) 6= q.
By considering the resolution of S˜ at q, we see that G(S, p4,Γ) is of type A3,1. Thus
we have
(Γ2)S = −2 + 3
4
= −5
4
.
By taking the intersection number of T |S = Γ + ∆ and Γ, we have
1
2
= (Γ · T |S)S = (Γ2)S + (Γ ·∆)S ,
and then we have (Γ ·∆)S = 7/4 > deg ∆. Therefore, Γ is not a maximal center by
Lemma 10.3. 
Remark 10.16. Let Γ ⊂ X ′ be an irreducible and reduced curve of degree 1/2
passing through p4. Then, Lemma 10.15 shows that (Γ
2)S ≤ 0 for a general member
S ∈ |IΓ(A)|. This follows by considering 1/2 = (Γ · T |S)S = (Γ2)S + (Γ · ∆)S and
(Γ ·∆)S ≥ deg ∆ = 1/2. This observation will be used in the next subsection.
10.6. Curves of degree 1 on X ′ ∈ G′7. Let Γ be an irreducible and reduced curve
on a member X ′ of G′7 that passes through the cA/2 point but does not pass through
the other singular points. We see that Γ is a WCI curve of type either (1, 2, 2) or
(1, 1, 4).
We claim that Γ cannot be of type (1, 2, 2). If Γ is of type (1, 2, 2), then Γ = (` =
y + c2 = d2 = 0) for some ` ∈ C[x0, x1, x2] with deg ` = 1 and c2, d2 ∈ C[x0, x1, x2]
since Γ passes through p4. In this case Γ is either reducible or non-reduced. This
shows that Γ cannot be of type (1, 2, 2).
Lemma 10.17. An irreducible and reduced curve of degree 1 on X ′ passing through
p4 is not a maximal center.
Proof. Let Γ ⊂ X ′ be an irreducible and reduced curve of degree 1 passing through
p4. Then, by the above argument, Γ is of type (1, 1, 4). Let S, T ∈ |IΓ(A)| be a
general member and let `1, `2 ∈ C[x0, x1, x2] be linear forms such that S = (`1 = 0)
and T = (`2 = 0). Then T |S = Γ + ∆, where ∆ = (`1 = `2 = d2 = 0) for some
d2 ∈ C[x0, x1, x2, y, w] of degree 2. We claim that d2 /∈ C[x0, x1, x2]. Indeed, if
d2 ∈ C[x0, x1, x2], then the defining polynomial F ′ of X ′ is contained in the ideal
(`1, `2, d2) ⊂ (x0, x1, x2). This is a contradiction since wy2 ∈ F ′. Hence, either w ∈
d2 or y ∈ d2, and in particular ∆ is irreducible and reduced. Suppose that w ∈ d2.
Then ∆ intersects Γ at a nonsingular point so that (Γ · ∆)S ≥ 1 > 1/2 = deg ∆.
Thus Γ is not a maximal center. Suppose that w /∈ d2. Then y ∈ d2 and ∆ does
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not pass through p4. Since S is a general member of |IΓ(A)| = |I∆(A)|, we have
(∆2)S ≤ 0 by Remark 10.16. Then, we compute
1/2 = (∆ · T |S) = (Γ ·∆)S + (∆2)S ≤ (Γ ·∆)S .
This shows that Γ is not a maximal center. 
10.7. Curves of degree 1 on X ′ ∈ G′9. Let X ′ = X ′6 ⊂ P(1, 1, 1, 3, 1) be a member
of G′9 and Γ ⊂ X ′ an irreducible and reduced curve of degree 1 that passes through p4
but does not pass through the other singular points. The defining polynomial of X ′
can be written as F ′ = w2x0y+w(ya2+a5)+y2+yb3+b6, where aj , bj ∈ C[x0, x1, x2].
Lemma 10.18. An irreducible and reduced curve of degree 1 on X ′ passing through
p4 is not a maximal center.
Proof. We see that Γ is a WCI curve of type (1, 1, 3). Let S, T be general members
of the pencil |IΓ(A)|. We will show that T |S = Γ+∆, where ∆ 6= Γ is an irreducible
and reduced curve of degree 1 such that (Γ ·∆)S ≥ deg ∆.
Suppose Γ 6⊂ (x0 = 0). Then, after replacing x1 and x2, we may assume Γ ⊂
(x1 = x2 = 0). We have
F (x0, 0, 0, y, w) = w
2x0y + w(α2yx
2
0 + α5x
5
0) + y
2 + β3x
3
0y + β6x
6
0,
where αi and βi are coefficients of x
i
0 in ai and bi, respectively. Since Γ ⊂ X ′, we
have F ′(x0, 0, 0, y, w) = c3d3 for some c3, d3 ∈ C[x0, y, w] of degree 3. Then, by an
explicit computation, we have α5 = β6 = 0, c3 = y and d3 = w
2x0+α2wx0+y+β3x
3
0.
Note that either Γ = (x1 = x2 = c3 = 0) or (x1 = x2 = d3 = 0). In any case, ∆ is
an irreducible and reduced curve of degree 1 and we see that S is nonsingular along
Γ\{p4} by Lemma 10.4. Since two curves (x1 = x2 = c3 = 0) and (x1 = x2 = d3 = 0)
have a intersection point away from p4, we have (Γ·∆)S ≥ 1 = (A·∆). This completes
the proof.
Suppose Γ ⊂ (x0 = 0). After replacing x1, x2, we may assume Γ = (x0 = x1 =
h3 = 0) for some h3(x2, y, w). We have
G := F (0, 0, x2, y, w) = w(α2yx
2
2 + α5x
5
2) + y
2 + β3yx
3
2 + β6x
6
2 = 0,
where αi, βi ∈ C. Note that αi is the coefficient of xi2 in ai so that (α2, α5) 6= (0, 0)
by Condition 2.12. Since Γ ⊂ X ′, G is divisible by h3 and we can write
G = (y + γwx22 + δx
3
2)(y + εwx
2
2 + ζx
3
2),
where h3 = y + γwx
2
2 + δx
3
2 and γ, . . . , ζ ∈ C. Note that T |S = Γ + ∆, where
∆ = (x0 = x1 = y + εwx
2
2 + ζx
3
2). By comparing the coefficients of w
2x42, we have
γε = 0. If (γ, ε) 6= (0, 0), then γ 6= ε and ∆ intesects Γ at a nonsingular point so that
(Γ ·∆)S ≥ 1 = deg ∆. Now suppose γ = 0. By comparing coefficients of wyx22 and
wx52, we have α2 = ε and α5 = δε. This shows ε 6= 0. It follows that (γ, ε) 6= (0, 0)
and the proof is completed. 
10.8. Curves of degree 1 on X ′ ∈ G′10. Let X ′ = X ′6 ⊂ P(1, 1, 2, 2, 1) be a member
of G′10 and Γ ⊂ X ′ an irreducible and reduced curve of degree 1 that passes through
p4 but does not pass through the other singular points. The defining polynomial of
X ′ is of the form w2y0y1 +wf5 + g6. Note that y30, y31 ∈ F ′ and we assume that the
coefficients of y30 and y
3
1 in F
′ are both 1 after re-scaling y0, y1. We see that Γ is a
WCI curve of type either (1, 1, 4) or (1, 2, 2).
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We claim that Γ cannot be of type (1, 1, 4). Indeed, a curve of type (1, 1, 4) passing
through p4 is contained in (x0 = x1 = 0) and we have
F ′(0, 0, y0, y1, w) = w2y0y1 + y30 + y
3
1,
which is clearly irreducible. Thus, X ′ cannot contain a curve of type (1, 1, 4) passing
through p4.
In the following, we treat the case where Γ is of type (1, 2, 2).
Lemma 10.19. After replacing x0 and x1, and interchanging y0 with y1, we are in
one of the following cases.
(1) Γ = (x0 = y0− βx21 = y1− γwx1− δx21 = 0) for some β, γ, δ ∈ C with γ 6= 0.
(2) Γ = (x0 = y0 − βx21 = y1 = 0) for some non-zero β ∈ C. In this case, if
f5(x0, x1, 0, 0) is divisible by x
2
0, then τ − σ0σ1 6= 0, where σi and τ are the
coefficients of wyix
3
1 and x
6
1 in F
′, respectively.
Proof. After replacing x0, x1, we can write
Γ = (x0 = y0 − αwx1 − βx21 = y1 − γwx1 − δx21 = 0)
for some α, β, γ, δ ∈ C. It follows that
Gα,β,γ,δ := F (0, x1, αwx1 + βx
2
1, γwx1 + δx
2
1) = 0
as a polynomial. The coefficient of w4x21 in Gα,β,γ,δ is αγ. Hence αγ = 0. After
interchanging y0 and y1 if necessary, we may assume α = 0. If γ 6= 0, then we
are in case (1). Suppose α = γ = 0. Then the coefficient of w2x41 in G0,β,0,δ
is βγ. Hence βγ = 0. After interchanging y0 and y1, we may assume δ = 0.
Hence Γ = (x0 = y0 − βx21 = y1 = 0). If further β = 0, then F (0, x1, 0, 0, w) =
wf5(0, x1, 0, 0)+g6(0, x1, 0, 0) = 0 as a polynomial, which implies that f5(x0, x1, 0, 0)
and g6(x0, x1, 0, 0) share a common component x0. This is impossible by Condition
2.12. Hence β 6= 0. It remains to show that τ − σ0σ1 6= 0 if f5(x0, x1, 0, 0) is
divisible by x20. Let X ∈ G10 be the birational counterpart of X ′ which is defined in
P(1, 1, 2, 2, 3, 3), by
F1 = z1y1 + z0y0 + f5(x0, x1, y0, y1),
F2 = z1z0 − g6(x0, x1, y0, y1).
Now we assume that f5(x0, x1, 0, 0) is divisible by x
2
0 and τ − σ0σ1 = 0. Then X
contains p := (0 : 1 : 0 : 0 : −σ0 :: −σ1) and every partial derivative of F1 vanishes
at p. This is a contradiction since X is quasismooth. Therefore τ − σ0σ1 6= 0 if
f5(x0, x1, 0, 0) is divisible by x
2
0 and the proof is completed. 
Lemma 10.20. No curve of type (1, 2, 2) on X ′ ∈ G′10 passing through p4 is a
maximal cetner.
Proof. Let S ∈ |IΓ(2A)| be a general member and let ϕ : Y ′ → X ′ be the weighted
blowup of X ′ at p4 with wt(x0, x1, y0, y1) = (1, 1, 3, 2) with exceptional divisor E.
We set ψ = ϕ|S˜ : S˜ → S and Eψ = E|S˜ . We see that S is nonsingular along Γ \ {p4}
by [14, Lemma 2.5].
Suppose that Γ is as in (1) of Lemma 10.19. Then, S is cut out by the section
s := x0(λ0x0 + λ1x1 + λw) + µ(y0 − βx21) + ν(y1 − γwx1 − δx21),
where λi, λ, µ, ν ∈ C are general. Note that KS˜ = ψ∗KS . We have
Eψ = (y0y1 + f¯5 = λx0 − νγx1 = 0) ⊂ P(1, 1, 2, 3)
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and
Jψ =
(
∂f¯5
∂x0
∂f¯5
∂x1
y1 +
∂f¯5
∂y0
y0 H
λ −νγ 0 0 x0(λ0x0 + λ1x1) + µ(y0 − βx21)− µδx21
)
.
Since f5(x0, x1, 0, 0) 6= 0 as a polynomial and λ, ν are general, we may assume that
f5(x0, x1, 0, 0) is not divisible by λx0 − νγx1. Then, we have(
y1 +
∂f¯6
∂y0
= y0 = 0
)
∩ Eψ = ∅,
which implies that Jψ is of rank 2 at every point of Eψ. Thus, singular points of
S˜ consist of two points q1 := (0 : 0 : 1 : 0) and q2 := (0 : 0 : 0 : 1) that are of type
A1 and A2, respectively. Let A4 be the orbifold chart of Y ′ with affine coordinates
x˜0, x˜1, y˜0, y˜1 such that xi = x˜iy˜1, y0 = y˜0y˜
2
1 and y0 = y˜
3
0. We see that Z3 acts on A4
as 13(1x˜0 , 1x˜1 , 2y˜0 , 2y˜1), and the quotient U := A
4/Z3 is an open subset of Y ′ whose
origin is q2. We see that S˜ is defined by y˜0 + · · · = λx˜0 − νγx˜1 + · · · = 0 on U . By
eliminating y˜0 and x˜0, the germ (S˜, q2) is analytically isomorphic to (A2x˜1,y˜1/Z3, o).
Under the above isomorphism, Eψ and Γ˜ corresponds to (y˜1 = 0) and (x˜1 = 0),
respectively. Let Sˆ → S˜ be the weighted blowup of S˜ at q2 with wt(x˜0, y˜1) = 13(1, 2)
and denote by F ∼= P(1, 2) its exceptional divisor. We see that Sˆ has a singular
point qˆ of type A1 along F and it is nonsingular along F \ {qˆ}. Let Eˆψ and Γˆ be
the proper transforms of Eψ and Γ˜ on Sˆ, respectively. Then, Eˆψ intersects F at a
nonsingular point and Γˆ intersects F at qˆ. Thus, by considering the blowup of Sˆ at
A1 singuar points qˆ and q1, we see that G(S, p4,Γ) is of type A4,1.
Suppose that Γ is as in (2) of Lemma 10.19. Then, S is cut out by the section
s := x0(λ0x0 + λ1x1 + λw) + µ(y0 − βx21) + νy1,
where λi, λ, µ, ν ∈ C are general. Note that KS˜ = ψ∗KS . We have an isomorphism
Eψ ∼= (x0 = y0y1 + f¯5 = 0) ⊂ P(1x0 , 1x1 , 2y0 , 3y1)
and
Jψ =
(
∂f¯5
∂x0
∂f¯5
∂x1
y1 +
∂f¯5
∂y0
y0 H
λ 0 0 0 x0(λ0x0 + λ1x1) + µ(y0 − βx21)
)
.
Note that Γ˜ intersects Eψ at q0 := (0:1 :β :0). We define
Σ :=
(
∂f¯5
∂x1
= y1 +
∂f¯5
∂y0
= y0 = 0
)
∩ Eψ.
If f5(x0, x1, 0, 0) is not divisible by x0, then Σ = ∅ and thus singular points of S˜
consists of q1 and q2 that are of type A1 and A2, respectively. In this case, by
considering successive blowups of S˜ at its singular points, we see that G(S, p4) is
of type A4,2. Suppose that f5(x0, x1, 0, 0) is divisible by x0. Then, we can write
f¯5 = y0(y0a1 + a3), where ai ∈ C[x0, x1] and thus Eψ = E1 + E2, where E1 =
(x0 = y0 = 0) and E2 = (x0 = y1 + y0a1 + a3 = 0). Note that Σ = {q3}, where
q3 = (0:1 :0 :−σ0) is the intersection point E1 ∩ E2. We have
Jψ(q3) =
(
ρ 0 0 0 −σ0σ1 + τ
λ 0 0 0 −µβ
)
,
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where ρ is the coefficient of x0x
4
1 in f5(x0, x1, 0, 0) and σi, τ are as in Lemma 10.19.
We claim that rankJψ(q3) = 2. Since β 6= 0 and λ, µ are general, rank Jψ(q3) < 2
if and only if ρ = τ − σ0σ1 = 0. Note that ρ = 0 if and only if f5(x0, x1, 0, 0) is
divisible by x20. Hence, the case ρ = τ − σ0σ1 = 0 does not happen and we have
rank Jψ(q3) = 2. It follows that S˜ is nonsingular at q3 and thus singular points of S˜
consist of two points q1 and q2 that are of type A1 and A2. Note that Γ˜ intersects
E1 at a point other than q1 and does not intersect E2. This shows that, G(S, p4) is
of type A5,2.
By the above argument, the type of G(S, p4) is one of A4,1, A4,2 and A5,2. By
Lemma 10.7, we have
(Γ2)S ≤ −2− (KS · Γ) + 4
3
= −5
3
.
Finally, we have
(A2 · S)− 2(A · Γ) + (Γ2)S ≤ 3− 2− 5
3
< 0.
This shows that Γ is not a maximal center. 
10.9. Curves of degree 1 on X ′ ∈ G′16. Let X ′ = X ′7 ⊂ P(1, 1, 2, 3, 1) be a member
of G′16 and Γ ⊂ X ′ an irreducible and reduced curve of degree 1 that passes through
p4 but does not pass through the other singular points. We see that Γ is a WCI
curve of type either (1, 1, 6) or (1, 2, 3). Let F ′ = w2yz + wf6 + g7 be the defining
polynomial of X ′. Since X ′ ∈ G′16, we have z2, y3 ∈ f6 and zy2 ∈ g7. After rescaling
y, z, w, we assume that the coefficient of z2 and y3 in f6 are both 1. Moreover, we
assume that there is no monomial divisible by y3 or z2 in g7 after replacing y and z.
We claim that Γ cannot be of type (1, 1, 6). Indeed, if Γ of type (1, 1, 6) passing
through p4, then Γ = (x0 = x1 = h6 = 0), where h6 is a component of
F ′(0, 0, y, z, w) = w2yz + w(z2 + y3) + αy2z.
Note that α 6= 0. This shows that F ′(0, 0, y, z, w) is irreducible so that h6 cannot be
its component. This is a contradiction.
In the following, we treat curves of type (1, 2, 3).
Lemma 10.21. No curve of type (1, 2, 3) on X ′ is a maximal center.
Proof. We can write
Γ = (x0 = y − αwx1 − βx21 = z + γw2x1 + δwx21 + εx31 = 0)
for some α, . . . , ε ∈ C. Let S ∈ |IΓ(2A)| be a general member, which is nonsingular
along Γ \ {p4} by [14, Lemma 2.5], and set T := (x0 = 0)X′ . We have
F¯ ′α,β := F
′(0, x1, αwx1 + βx21, z, w) = α
3w4x31 + αw
3zx1 + wz
2 + · · · ,
where the omitted part is a linear combination of monomials w3x41 and {wizjxk1 |
i+ 3j + k = 7, i ≤ 2, j ≤ 1}. Since Γ ⊂ X ′, we have
F¯ ′α,β = (z + γw
2x1 + δwx
2
1 + εx
3
1)h4(x1, z, w),
for some h4. We can write down h4 as h4 = wz + λ1w
3x1 + λ2w
2x21 + λ3wx
3
1 + λ4x
4
1
for some λ1, . . . , λ4 ∈ C. We set ∆ := (x0 = y − αwx1 − βx21 = h4 = 0) ⊂ X ′. Then
T |S = Γ + ∆ and deg ∆ = 4/3. By comparing the coefficients of w5x21, w4x31 and
w3zx1, we have
(12) γλ1 = 0, γλ2 + δλ1 = α
2, γ + λ1 = α.
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Suppose (γ, λ1) 6= (0, 0). Note that ∆ intersects Γ at 2 points if λ1−γ 6= 0. Since
γλ1 = 0 and (γ, λ1) 6= (0, 0), we have λ1 − γ 6= 0 and hence (Γ ·∆)S ≥ 2 > deg ∆.
Thus, Γ is not a maximal center if ∆ is irreducible. Suppose that ∆ is reducible,
that is, λ4 = 0. Then ∆ = ∆1 + ∆2, where ∆1 = (x0 = y − αwx1 − βx21 =
z + λ1w
2x1 + λ2wx
2
1 + λ3x
3
1 = 0) and ∆2 = (x0 = y − αwx1 − βx21 = w = 0) are
irreducible and reduced curves of degree 1 and 1/3, respectively. We see that both
∆1 and ∆2 intersect Γ at a point other than p4, which implies (Γ ·∆i) ≥ 1 ≥ deg ∆i
for i = 1, 2. Thus, Γ is not a maximal center.
Suppose γ = λ1 = 0. Then, by the equations (12), we have α = 0. In this case,
we have
F¯ ′0,β = (z − δwx21 − εx31)(wz + λ2w2x21 + λ3wx31 + λ4x41).
By comparing the coefficients of w3x41, w
2zx21 and w
2x51, we have
δλ2 = 0, λ2 = β, ελ2 + δλ3 = 0.
If λ2 6= 0 or λ2 = 0 and δ 6= 0, then, by the same argument as above, either ∆ is
irreducible and (Γ ·∆)S ≥ 2 > deg ∆ or ∆ = ∆1 + ∆2 splits as a sum of irreducible
and reduced curves of degree 1 and 1/3 such that (Γ · ∆)S ≥ 1 ≥ ∆i for i = 1, 2.
Thus, Γ is not a maximal center.
In the following, we assume λ2 = δ = 0. Note that β = 0. Let S
′ ∈ |IΓ(3A)| be a
general member, which is nonsingular along Γ \ {p4} by [14, Lemma 2.5]. We com-
pute (Γ2)S′ . Let ϕ : Y
′ → X ′ be the weighted blowup at p4 with wt(x0, x1, y, z) =
(1, 1, 3, 3) and with exceptional divisor E. We set ψ = ϕ|S˜′ : S˜′ → S′ and Eψ =
E|S˜′ . Let G and H be the ϕ-weight = 6 and 7 parts of F (x0, x1, y, z, 1), respec-
tively. We write f6(x0, x1, 0, z) = z
2 + za3 + a6, where ai ∈ C[x0, x1]. Note that
G = yz + z2 + za3 + a6. The surface S
′ is cut out by the section
s := d2x0 + e1y + µ(z − εx31),
where d2 = d2(x0, x1, y, w), e1 = e1(x0, x1, w) and µ ∈ C. Note that KS˜′ = ψ∗KS′ .
Let λ ∈ C be the coefficient of w2 in d2 so that λx0 is the ϕ-weight = 1 part
of s(x0, x1, y, z, 1). Note that a6 = f6(x0, x1, 0, 0) is not divisible by x0 because
otherwise the system of equations y = f6 = g7 = f6(x0, x1, 0, 0) = 0 has a solution
(x0, x1, y, z) = (0, 1, 0, ε) and this is impossible by Condition 2.12. It follows that
Eψ ∼= (yz + z2 + za3 + a6 = x0 = 0) ⊂ P(1, 1, 3, 3)
is irreducible and reduced. We have
Jψ =
(
∂G
∂x0
∂G
∂x1
∂G
∂y
∂G
∂z H
λ 0 0 0 t
)
,
where t = t(x0, x1, y, z) is the ϕ-weight = 2 part of s(x0, x1, y, z, 1). Since x0 - a6,
we have (
∂G
∂y
=
∂G
∂z
= 0
)
∩ Eψ = (z = y + a3 = a6 = x0 = 0) = ∅.
It follows that the singular points of S˜′ along Eψ consists of two A2 points q1 := (0:
0 :1 :0) and q2 := (0:0 :1 :−1). Moreover, Γ˜ intersects Eψ at (0 :1 :0 :ε) 6= q1, q2. By
considering successive blowups at A2 points q1 and q2, we see that G(S, p4,Γ) is of
type A5,3. By Lemma 10.7, (Γ
2)S = −2− 2 deg Γ + 3/2 = −5/2. It follows that
(A2 · S)− 2(A · Γ) + (Γ2)S = 7
2
− 2− 5
2
< 0,
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which implies that Γ is not a maximal center. 
10.10. Curves of degree 1/2 on X ′ ∈ G′18. Let X ′ = X ′8 ⊂ P(1, 1, 2, 3, 2) be a
member of G′18 with defining polynomial w2x0z + wf6 + g8 = 0 and Γ ⊂ X ′ an
irreducible and reduced curve of degree 1/2 that passes through p4 but does not
pass through the other singular points. We see that Γ is a WCI curve of type either
(1, 1, 6) or (1, 2, 3).
Lemma 10.22. No curve of type (1, 1, 6) on X ′ is a maximal center.
Proof. Suppose that Γ is of type (1, 1, 6). We have Γ = (x0 = x1 = h6 = 0) for
some h6 ∈ C[y, z, w]. Since z2 ∈ f6, we may write f6(0, 0, y, z) = z2 + αy3 and
h8(0, 0, y, z) = βy
4 = 0 for some α, β ∈ C after replacing w. Hence,
(x0 = x1 = 0)X′ = (x0 = x1 = w(z
2 + αy3) + γy4 = 0).
It follows that γ = 0 and Γ = (x0 = x1 = z
2 + αy3 = 0). Note that α 6= 0 since
Γ is reduced. Let S and T be general members of the pencil |IΓ(A)|. We have
T |S = Γ + ∆, where ∆ = (x0 = x1 = w = 0) is of degree 1. We see that S
is nonsingular along Γ \ {p4} by Lemma 10.4 and Γ intersects ∆ in a nonsingular
point. Thus (Γ ·∆) ≥ 1 > (A ·∆), which shows that Γ is not a maximal center. 
Lemma 10.23. No curve of type (1, 2, 3) on X ′ is a maximal center.
Proof. Let Γ ⊂ X ′ be a curve of type (1, 2, 3) passing through p4. Let S ∈ |IΓ(2A)|
and T ∈ |IΓ(A)| be general members. We will show that T |S = Γ + ∆, where ∆ is
an effective divisor such that (Γ ·∆i)S ≥ deg ∆i for every irreducible component ∆i
of ∆. This shows that Γ is not a maximal center. Note that S is nonsingular along
Γ \ (Γ ∩ (x0 = x1 = 0)) ∪ {p4} by [14, Lemma 2.5]. Since Γ ∩ (x0 = x1 = 0) = {p4}
(see the descriptions of Γ below), S is nonsingular along Γ \ {p4}.
Suppose Γ 6⊂ (x0 = 0). Then, after replacing x1 and y, we have Γ = (x1 = y =
z + λwx0 + µx
3
0 = 0) for some λ, µ ∈ C. We have
F¯ ′ := F ′(x0, 0, 0, z) = w2x0z + w(z2 + α6x60) + β5zx
5
0 + β8x
8
0,
where α6, β5 and β8 are the coefficients of wx
6
0, zx
5
0 and x
8
0 in F . Since Γ ⊂ X ′, we
have
F¯ ′ = (z − λwx0 + λwx0 + µx30)(γw2x0 + wz + εwx20 + ζzx20 + ηx50)
for some γ, . . . , η ∈ C. By comparing the coefficients of w3x20, w2zx0, w2x40 and
z2x0,
λγ = 0, γ + λ = 1, λε+ µγ = 0, ζ = 0.
Solving these equations, we have either λ = µ = ζ = 0 and γ = 1 or γ = ε = ζ = 0
and λ = 1. Note that T |S = Γ + ∆, where
∆ = (x1 = y = γw
2x0 + wz + εwx
3
0 + ηx
5
0 = 0).
If ∆ is irreducible, then it is reduced and it intersects Γ at two points other than
p4, which implies (Γ ·∆)S ≥ 2 > deg ∆ = 5/6. Suppose that ∆ is reducible. Then,
∆ = ∆1 + ∆2, where ∆1 = (x1 = y = w + ζx
2
0 = 0) and ∆2 = (x1 = y =
z + γwx0 + θx
3
0 = 0) for some θ ∈ C. Note that ∆i 6= Γ for i = 1, 2 and hence ∆ is
reduced. We see that both ∆1 and ∆2 intersect Γ at a point other than p4 so that
(Γ ·∆i)S ≥ 1 > deg ∆i for i = 1, 2.
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Suppose Γ ⊂ (x0 = 0). Then, after replacing y, we have Γ = (x0 = y = z −
λwx1 − µx31 = 0) for some λ, µ ∈ C. We have
F¯ := F (0, x1, 0, z, w) = w(z
2 + α3zx
3
1 + α6x
6
1) + β5zx
5
1 + β8x
8
1,
where α5, α8, β5 and β8 are the coefficients of wzx
3
1, wx
6
1, zx
5
1 and x
8
1, respectively.
Since Γ ⊂ X ′, we have
F¯ = (z + λwx1 + µx
3
1)(wz + γwx
3
1 + δzx
2
1 + εx
5
1),
for some γ, . . . , ε ∈ C. By comparing the coefficients of w2zx1 and z2x1, we have
λ = δ = 0. Moreover, by comparing the other terms, we have α3 = µ+ γ, α6 = µγ,
β5 = ε and β8 = µε. If γ = µ, then x0 = f6 = g8 = ∂f6/∂z = 0 has a solution
(x0, x1, y, z) = (0, 1, 0,−µ). If ε = 0, then β5 = β8 = 0 and hence x0 = b5 = b8 = 0
has a solution (x0, x1, y) = (0, 1, 0). These are impossible by Condition 2.12 and
we have µ 6= γ and ε 6= 0. We see that ∆ = (x0 = y = wz + γwx31 + εx51 = 0)
is irreducible and reduced since ε 6= 0, and ∆ intersects Γ at a point other than
p4 since µ 6= γ. It follows that (Γ · ∆)S ≥ 1 = deg ∆ = 5/6. This completes the
proof. 
10.11. Curves of degree 1/3 on X ′ ∈ G′21. Let X ′ = X ′9 ⊂ P(1, 1, 2, 3, 3) be a
member of G′21 and Γ ⊂ X ′ an irreducible and reduced curve of degree 1/3 that
passes through p4 but does not pass through the other singular points. Let F
′ =
w2x0y + wf6 + g9 be the defining polynomial of X
′. We have z2, y3 ∈ f6. After
replacing w, we assume that z3 /∈ g9. Then, we have zy3 ∈ g9.
We see that Γ is a WCI curve of type either (1, 1, 6) or (1, 2, 3). We claim that
Γ cannot be of type (1, 1, 6). Indeed, if Γ is of type (1, 1, 6), then Γ = (x0 = x1 =
h6 = 0) for some h6 ∈ C[y, z, w] of degree 6. On the other hand, we have
F (0, 0, y, z, w) = w(αz2 + βy3) + γzy3,
where α, β, γ ∈ C are non-zro. Hence, F (0, 0, y, z, w) is irreducible and X ′ cannot
contain Γ.
Lemma 10.24. No curve of type (1, 2, 3) on X ′ that passes through p4 is a maximal
center.
Proof. Let Γ be a curve of type (1, 2, 3) on X ′ passing through p4. Let S ∈ |IΓ(2A)|
be a general member and T ∈ |IΓ(A)|. We will show that T |S = Γ+∆, where ∆ is an
effective divisor on S such that, for each component ∆i of ∆, there exists an effective
divisor Ξi on S such that (Γ · Ξi)S ≥ deg Ξi and (Ξi ·∆j)S ≥ 0 for j 6= i. Note that
S is nonsingular along Γ \ {p4} by [14, Lemma 2.5] since Γ ∩ (x0 = x1 = 0) = {p4}.
Suppose Γ ⊂ (x0 = 0). Then, after replacing z, we may assume Γ = (x0 =
y − λx21 = z = 0) for some λ ∈ C. We have
F ′(0, x1, λx21, z, w) = w(z
2 + α3zx
3
1 + α6x
6
1) + β6zx
6
1 + β9x
9
1.
Since Γ ⊂ X ′, we have α6 = β9 = 0 and we have
∆ = (x0 = y − λx21 = w(z + α3x31) + β6x61 = 0).
If α3 = λ, then x0 = f6 = g9 = ∂f6/∂z = 0 has a solution (x0, x1, y, z) = (0, 1, λ, 0).
This is impossible by Condition 2.12 and thus α3 6= λ. Suppose β6 6= 0. Then ∆ is
irreducible and reduced and it intersects Γ at a nonsingular point other than p4 since
α3 6= λ. Thus (Γ ·∆)S ≥ 1 > deg ∆ = 2/3. Suppose β6 = 0. Then ∆ = ∆1 + ∆2,
where ∆1 = (x0 = y − λx21 = z + α3x31 = 0) and ∆2 = (x0 = y = w = 0). We have
48 TAKUZO OKADA
(Γ ·∆2)S = (∆1 ·∆2)S = 1. Set Ξ2 = ∆2. Then we have (Γ ·Ξ2)S ≥ 1 > deg Ξ2 = 1/3
and (Ξ2 ·∆1) ≥ 0. By taking the intersection number of T |S = Γ + ∆1 + ∆2 with
∆2, we have (∆
2
2)S = −5/3 since (T |S ·∆2)S = deg ∆2 = 1/3. Let ε be a rational
number such that 1/2 ≤ ε ≤ 3/5 and set Ξ1 = ∆1 + ε∆2. Then,
(Γ · Ξ1)S − deg Ξ1 = (Γ ·∆1) + 2
3
ε− 1
3
≥ 0,
and
(Ξ1 ·∆2)S = 1− 5
3
ε ≥ 0,
as desired.
Suppose Γ 6⊂ (x0 = 0). Then, after replacing x1 and z, we may assume Γ = (x1 =
y + λx20 = z = 0) for some λ ∈ C. We have
F ′(x0, 0, λx21, z, w) = λw
2x30 + w(z
2 + α3zx
3
0 + α6x
6
0) + β6zx
6
0 + β9x
9
0.
Since Γ ⊂ X ′, we have λ = α6 = β9 = 0 and
∆ = (x1 = y = w(z + α3) + β6x
6
0 = 0).
If α3 = 0, then y = f6 = g9 = ∂f6/∂z = 0 has a solution (x0, x1, y, z) = (1, 0, 0, 0).
This is impossible by Condition 2.12 and thus α3 6= 0. Since Γ ⊂ X ′, F ′(x0, 0, y, 0, w)
is divisible by y − ηx20, which happens if and only if η = 0 and both f6(x0, 0, y, 0)
and g9(x0, 0, y, w) are divisible by y. Thus, Γ = (x1 = y = z = 0). Suppose
β6 6= 0. Then, ∆ is irreducible and reduced and (Γ · ∆)S ≥ 1 since α3 6= 0.
Suppose β6 = 0. Then, ∆ = ∆1 + ∆2, where ∆1 = (x1 = y = z + α3x
3
0 = 0) and
∆2 = (x1 = y = w = 0). We have (Γ · ∆2)S = (Γ · ∆2)S = 1. As in the avobe
argument, Ξ1 = ∆2 + ε∆2, where 1/2 ≤ ε ≤ 3/5, and Ξ2 = ∆2 are the desired
effective divisors. This completes the proof. 
The following is the conclusion of this section.
Theorem 10.25. Let X ′ be a member of G′i with i ∈ I∗cA/n ∪ IcD/3. Then, no curve
on X ′ is a maximal center.
Proof. This follows from Lemma 10.1 and the conclusions of Sections 10.3–10.11. 
11. The big table
The list of the families Gi with i ∈ I∗cA/n ∪ IcD/3 is given in Table 6 and we list
the families G′i with i ∈ I∗cA/n ∪ IcD/3 below. In each family G′i, a standard defining
equation is described. The monomials right after the equation is a condition imposed
on the family (see Remark 2.10). The table of each family is divided into two parts:
terminal quotient parts and p4 parts.
We first explain terminal quotient parts. The first column indicates the number
and type of the singular points. The second column indicates how to exclude them
if it is non-empty. If a set of polynomials and a divisor of the form bB + eE are
given, then it is excluded in Proposition 8.1. If the inequality on B3 is given and
no other information is given in the second column, then the point is excluded in
one of Propositions 8.3–8.6. The third column indicates the existence of birational
involution that is a Sarkisov link centered at the corresponding point (see Section
5).
We next explain p4 parts of the table. We include in this table the equation of the
singularity, blowup weights of divisorial extraction. For family No. i with i ∈ I∗cA/n,
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Table 6. Families Gi
No. Xd1,d2 ⊂ P(a0, . . . , a5) No. Xd1,d2 ⊂ P(a0, . . . , a5)
6 X4,5 ⊂ P(1, 1, 1, 2, 2, 3) 33 X9,10 ⊂ P(1, 1, 3, 4, 5, 6)
7 X4,6 ⊂ P(1, 1, 1, 2, 3, 3) 36 X8,12 ⊂ P(1, 1, 3, 4, 5, 7)
9 X5,6 ⊂ P(1, 1, 1, 2, 3, 4) 38 X9,12 ⊂ P(1, 2, 3, 4, 5, 7)
10 X5,6 ⊂ P(1, 1, 2, 2, 3, 3) 44 X10,12 ⊂ P(1, 2, 3, 5, 5, 7)
16 X6,7 ⊂ P(1, 1, 2, 3, 3, 4) 48 X11,12 ⊂ P(1, 1, 4, 5, 6, 7)
18 X6,8 ⊂ P(1, 1, 2, 3, 3, 5) 52 X10,15 ⊂ P(1, 2, 3, 5, 7, 8)
21 X6,9 ⊂ P(1, 1, 2, 3, 4, 5) 57 X12,14 ⊂ P(1, 2, 3, 5, 7, 9)
22 X7,8 ⊂ P(1, 1, 2, 3, 4, 5) 61 X12,15 ⊂ P(1, 1, 4, 5, 6, 11)
26 X8,9 ⊂ P(1, 1, 3, 4, 4, 5) 62 X12,15 ⊂ P(1, 3, 4, 5, 6, 9)
28 X8,10 ⊂ P(1, 1, 2, 3, 5, 7) 63 X12,15 ⊂ P(1, 3, 4, 5, 7, 8)
we also indicates what happens for each divisorial extraction. The mark “none”
indicates that the corresponding divisorial extraction is not a maximal extraction
(see Section 9) The mark “X ′ 99K X 3 1r (α, β, γ)” (resp. “B.I.”) indicates that there
is a Sarkisov link starting with the corresponding divisorial extraction that is a link
to X ending with the Kawamata blowup centered at a 1r (α, β, γ) point of X (resp.
that is a birational involution) (see Section 4 and 6, respectively).
No. 6: X5 ⊂ P(1, 1, 1, 2, 1), (A3) = 5/2.
Eq: w2x0y + wf4 + g5, y
2 ∈ f4.
p3 =
1
2(1, 1, 1) Q.I.
p4 = cA x0y + h4(x1, x2) wt = (a, b, 1, 1)
(1, 3), (3, 1) X ′ 99K X 3 12(1, 1, 1) (2, 2) X ′ 99K X 3 13(1, 1, 2)
No. 7: X6 ⊂ P(1, 1, 1, 2, 2), (A3) = 3/2.
Eq: w2x0x1 + wf4 + g6.
p3p4 =
1
2(1, 1, 1) Q.I.
p4 = cA/2 x0x1 + h4(x1, y)/Z2(1, 1, 1, 0) wt = 12(a, b, 1, 2)
(1, 3), (3, 1) X ′ 99K X 3 13(1, 1, 2)
No. 9: X6 ⊂ P(1, 1, 1, 3, 1), (A3) = 2.
Eq: w2x0y + wf5 + g6.
p4 = cA x0y + h5(x1, x2) wt = (a, b, 1, 1)
(1, 4), (4, 1) X ′ 99K X 3 12(1, 1, 1) (2, 3), (3, 2) X ′ 99K X 3 14(1, 1, 3)
50 TAKUZO OKADA
No. 10: X6 ⊂ P(1, 1, 2, 2, 1), (A3) = 3/2.
Eq: w2y0y1 + wf5 + g6, y
3
0 ∈ g6 and y31 ∈ g6.
p2p3 = 3× 12(1, 1, 1) Q.I.
p4 = cA y0y1 + h5(x0, x1) wt = (a, b, 1, 1)
(1, 4), (4, 1) B.I. (2, 3), (3, 2) X ′ 99K X 3 13(1, 1, 2)
No. 16: X7 ⊂ P(1, 1, 2, 3, 1), (A3) = 7/6.
Eq: w2yz + wf6 + g7, z
2, y3 ∈ f6, y2z ∈ g7.
p2 =
1
2(1, 1, 1) Q.I.
p3 =
1
3(1, 1, 2) Q.I.
p4 = cA yz + h6(x0, x1) wt = (a, b, 1, 1)
(1, 5), (5, 1) none (2, 4), (4, 2) X ′ 99K X 3 13(1, 1, 2)
(3, 3) X ′ 99K X 3 14(1, 1, 3)
No. 18: X8 ⊂ P(1, 1, 2, 3, 2), (A3) = 2/3.
Eq: w2x0z + wf6 + g8, z
2 ∈ f6.
p2p4 =
1
2(1, 1, 1) E.I. ∗z2y
p3 =
1
3(1, 1, 2) Q.I.
p4 = cA/2 x0z + h6(x1, y)/Z2(1, 1, 1, 0) wt = 12(a, b, 1, 2)
(1, 5), (5, 1) X ′ 99K X 3 13(1, 1, 1) (3, 3) X ′ 99K X 3 15(1, 2, 3)
No. 21: X9 ⊂ P(1, 1, 2, 3, 3), (A3) = 1/2.
Eq: w2x0y + wf6 + g9, z
2, y3 ∈ f6, and zy3 ∈ g9 if z3 /∈ g9.
p2 =
1
2(1, 1, 1) B
3 = 0
p3p4 =
1
3(1, 1, 2) Q.I.
p4 = cA/3 x0y + h6(x1, z)/Z3(1, 2, 1, 0) wt = 13(a, b, 1, 3)
(1, 5) X ′ 99K X 3 14(1, 1, 3) (4, 2) X ′ 99K X 3 15(1, 2, 3)
No. 22: X8 ⊂ P(1, 1, 2, 4, 1), (A3) = 1.
Eq: w2yz + wf7 + g8, y
4 ∈ g8.
p2p3 = 2× 12(1, 1, 1) Q.I.
p4 = cA yz + h7(x0, x1) wt = (a, b, 1, 1)
(1, 6), (6, 1) none (2, 5), (5, 2) X ′ 99K X 3 13(1, 1, 2)
(3, 4), (4, 3) X ′ 99K X 3 15(1, 1, 4)
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No. 26: X9 ⊂ P(1, 1, 3, 4, 1), (A3) = 3/4.
Eq: w2yz + wf8 + g9, z
2 ∈ f8.
p3 =
1
4(1, 1, 3) Q.I.
p4 = cA yz + h8(x0, x1) wt = (a, b, 1, 1)
(1, 7), (7, 1) none (2, 6), (6, 2) B.I.
(3, 5), (5, 3) X ′ 99K X 3 14(1, 1, 3) (4, 4) X ′ 99K X 3 15(1, 1, 4)
No. 28: X10 ⊂ P(1, 1, 2, 5, 2), (A3) = 1/2.
Eq: w2x0z + wf8 + g10.
p2p4 =
1
2(1, 1, 1) B
3 = 0, {x0, x1, w′}, B
p4 = cA/2 x0z + h8(x1, y)/Z2(1, 1, 1, 0) wt = 12(a, b, 1, 2)
(1, 7), (7, 1) X ′ 99K X 3 13(1, 1, 2) (3, 5), (5, 3) X ′ 99K X 3 17(1, 2, 5)
No. 33: X10 ⊂ P(1, 1, 3, 5, 1), (A3) = 2/3.
Eq: w2yz + wf9 + g10, y
3 ∈ f9.
p2 =
1
3(1, 1, 2) B
3 > 0
p4 = cA yz + h9(x0, x1) wt = (a, b, 1, 1)
(1, 8), (8, 1) none (2, 7), (7, 2) B.I.
(3, 6), (6, 3) X ′ 99K X 3 14(1, 1, 3) (4, 5), (5, 4) X ′ 99K X 3 16(1, 1, 5)
No. 36: X12 ⊂ P(1, 1, 3, 4, 4), (A3) = 1/4.
Eq: w2x0y + wf8 + g12.
p3p4 =
1
4(1, 1, 3) Q.I.
p4 = cA/4 x0y + h8(x1, z)/Z4(1, 3, 1, 0) wt = 14(a, b, 1, 4)
(1, 7) X ′ 99K X 3 15(1, 1, 4) (5, 3) X ′ 99K X 3 17(1, 3, 4)
No. 38: X12 ⊂ P(1, 2, 3, 4, 3), (A3) = 1/6.
Eq: w2yt+ wf9 + g12, y
6 ∈ g12.
p1p3 = 3× 12(1, 1, 1) B3 < 0, {x, z, w}, 3B + E
p2p4 =
1
3(1, 1, 2) B
3 = 0, {x, y, w′}, B
p4 = cA/3 yt+ h9(x, z)/Z3(2, 1, 1, 0) wt = 13(a, b, 1, 3)
(2, 7) X ′ 99K X 3 15(1, 2, 3) (5, 4) X ′ 99K X 3 17(1, 3, 4)
(8, 1) B.I.
52 TAKUZO OKADA
No. 44: X12 ⊂ P(1, 2, 3, 5, 2), (A3) = 1/5.
Eq: w2zt+ wf10 + g12, t
2 ∈ f10.
p1p4 =
1
2(1, 1, 1) B
3 < 0
p3 =
1
5(1, 2, 3) Q.I.
p4 = cA/2 zt+ h10(x, y)/Z2(1, 1, 1, 0) wt = 12(a, b, 1, 2)
(1, 9), (9, 1) none (3, 7), (7, 3) X ′ 99K X 3 15(1, 2, 3)
(5, 5) X ′ 99K X 3 17(1, 2, 5)
No. 48: X12 ⊂ P(1, 1, 4, 6, 1), (A3) = 1/2.
Eq: w2yz + wf11 + g12.
p2p3 =
1
2(1, 1, 1) B
3 = 0, {x0, x1, w}, B
p4 = cA yz + h11(x0, x1) wt = (a, b, 1, 1)
(1, 10), (10, 1) none (2, 9), (9, 2) none
(3, 8), (8, 3) B.I. (4, 7), (7, 4) X ′ 99K X 3 13(1, 1, 2)
(5, 6), (6, 5) X ′ 99K X 3 17(1, 1, 6)
No. 52: X15 ⊂ P(1, 2, 3, 5, 5), (A3) = 1/10.
Eq: w2yz + wf10 + g15, t
2 ∈ f10.
p1 =
1
2(1, 1, 1) B
3 < 0, {x, z, t, w}, 5B + 2E
p3p4 =
1
5(1, 2, 3) Q.I.
p4 = cA/5 yz + h10(x, t)/Z5(2, 3, 1, 0) wt = 15(a, b, 1, 5)
(2, 8) X ′ 99K X 3 17(1, 2, 5) (7, 3) X ′ 99K X 3 18(1, 3, 5)
No. 57: X14 ⊂ P(1, 2, 3, 7, 2), (A3) = 1/6.
Eq: w2zt+ wf12 + g14, z
4 ∈ f12.
p1p4 =
1
2(1, 1, 1) B
3 < 0, {x, z, w′}, 3B + E
p2 =
1
3(1, 1, 2) B
3 = 0, {x, y, w}, B
p4 = cA/2 zt+ h12(x, y)/Z2(1, 1, 1, 0) wt = 12(a, b, 1, 2)
(1, 11), (11, 1) none (3, 9), (9, 3) X ′ 99K X 3 15(1, 2, 3)
(5, 7), (7, 5) X ′ 99K X 3 19(1, 2, 7)
No. 61: X15 ⊂ P(1, 1, 5, 6, 3), (A3) = 1/6.
Eq: w4x30 + w
3x20f4 + w
2x0f8 + wf12 + g15.
p3 =
1
6(1, 1, 5) Q.I.
p4 = cD/3 X
′ 99K X 3 111(1, 5, 6)
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No. 62: X15 ⊂ P(1, 3, 4, 5, 3), (A3) = 1/12.
Eq: w3y2 + w2yf6 + wf12 + g15.
p1p4 = 3× 13(1, 1, 2) B3 < 0
p2 =
1
4(1, 1, 3) B
3 = 0, {x, y, w}, B
p4 = cD/3 X
′ 99K X 3 19(1, 4, 5)
No. 63: X15 ⊂ P(1, 3, 4, 5, 3), (A3) = 1/12.
Eq: w2zt+ wf12 + g15, z
3 ∈ f12.
p1p4 =
1
3(1, 1, 2) B
3 < 0
p2 =
1
4(1, 1, 3) B
3 = 0, {x, y, w}, B
p4 = cA/3 zt+ h12(x, y)/Z3(1, 2, 1, 0) wt = 13(a, b, 1, 3)
(1, 11) none (4, 8) X ′ 99K X 3 17(1, 1, 2)
(7, 5) X ′ 99K X 3 15(1, 1, 3) (10, 2) B.I.
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